Answers Test 1 MA 433 S08
1. (a) {4e™"™/6 4eim/2 4e77/6} = [2/3 — 2, 4i, —21/3 — 2i}.

(b) lim G421 (A2 o =1222(22 + 2)3 oy = 12,

z—-1 =l

1+ ei7r/3 (1 4 ei7r/3>(1 _ e—iw/S) . 1+ eiw/S
(c) [ = 1= iz = iy/3. Thus, Re T o3 = 0.

(d) 2 is not bounded,
but open and connected.

2. w = pe'® and z = re?, then pe’® = rte®. Thus |w| = p = r* = |2|%. and 40 is in arg w. It follows
that f maps circles into circles and rays into rays. Using this fact and one to one ness of f it can
be shown that f(0S) ={z:|z| =1} U{z:|z| = 16} U[-16,—1].

(b) f(S5) is the domain bounded by the circles |w| = 1,16 and the negative real axis. That is the
inside of the curve in (a).

3. Multiply out to get f(2) = (y3—32%y+2x—1)+i(2®—3zy*+2y). Thus u(z,y) = y>—32%y+22r—1
and v(z,y) = 2* — 32y® 4+ 2y. (a) u, = —6xy + 2 = v, and u, = 3y* — 32% = —v,.

(b) At (z,y), Av = vy + vy, = 62 — 62 = 0. Since v has continuous second partials everywhere, it
follows that v is harmonic for all (z,y).

4. (a) g = (1/3)r=%3e/3 and gy = (i/3)r'/%e®/3. Thus g, = —ir~'gy whenever r > 0, 0] < 7 or
when z is not in (—o0, 0].

(b) By class work, ¢’(z) exists at z if g has continuous first partials and the CR equations hold at z.
Clearly g has continuous second partials in 7,6 when r > 0,]6| < 7. Using (a) it follows that ¢'(2)
exists when z is not in (—oo, 0].

(c) 8i = 8¢™/2 50 by classwork f'(2) = e™™/2f, (‘evaluated at r = 8, § = 7/2) = (1/3)8 % 3e~1"/3 =
(1/24)(1 — v/34).

(d) O ={z ==z +iy:x # 0}, since 2> maps {z =z + iy : © # 0} onto C\ (—o0,0] and points on
the imaginary axis are mapped into nonpositive numbers.

EC. Want to find v so that v, = u, = 5¢***3sin(5y) + y. Thus,

v(x,y) = /Uydy = —e" ¥ cos(5y) + y?/2 + h(z). From the Cauchy Riemann equations, want v, =
—u, = —5e"*3 cos(5y) — = + 4. From the expression for v, v, = —5¢°*3 cos(5y) + I/(x). Equating,
the two equations gives, I/(z) = —x + 4. Integrate with respect to z, and get h(z) = —2%/2+ 4z +c.
Thus v(z,y) = —e>* 3 cos(by) + (y* — 2?)/2 + 4z + c.

(b) f=u+iv=—i(e> + 22/2 — 4z).



Homework Problems

Section 3.28 (page 89)
Section 3.30 (page 94)
Section 3.31 (page 96)
Section 3.32 (page 99)
Section 3.33 (page 103
Section 3.34 (page 107
Section 3.35 (page 110
Section 4.37 (page 115
Section 4.40 (page 129
Section 4.41 (page 133
Section 4.43 (page 141
Section 4.46 (page 153
Section 4.49 (page 162
Section 4.50 (page 171
Section 5.52 (page 181
Section 5.54 (page 189
Section 5.56 (page 198
Section 5.60 (page 212
Section 5.60 (page 218

e e e e N e S N N S S S N



