MA 113 Exam 4 A Fall 2022

Name: Section and/or TA:

Do not remove this answer page. You will return the whole exam. You will be allowed
two hours to complete this test. No books or notes may be used. You may use a graphing
calculator during the exam, but NO calculator with a Computer Algebra System (CAS) or
communication capabilities is permitted. You may not use a phone or other communication
device during the exam.

The exam consists of 12 multiple choice questions that are worth 5 points each and 4
free response questions that are worth 10 points each. You should work the multiple choice
questions on the question page. After you have checked your work carefully, record your
answers by completely filling in the circle below that corresponds to your answer. If you
must change your answer, make a note on the front of the exam. Be sure to check carefully
when you transfer your answers to the cover sheet.

Show all work to receive full credit on the free response problems. You do not need to
compute a decimal approximation to your answer. For example, the answer 47 is preferred
to 12.57.
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Multiple Choice Questions

1. (5 points) Let f be defined by

sin(x)(1 + cos(z))
) = S
p7 T =

Find p so that f is continuous everywhere.
A1

B. 2

C. -1

D. 0

E

. There is no value of p for which f is continuous

Solution: WW 1.6 #7,8, WW2.8 #6 or WW 3.7 #2.

2. (5 points) Suppose 0 < f(z) < 2? — 2z + 1. There is one value of a for which we can
use the squeeze theorem to show lim f(z) exists. What is this value of a?
r—ra

A1

B
C.
D. 2
B

Solution: WW 1.4, #10
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3. (5 points) Select the correct description of the limit

sin(m + h) — sin(m)

>
{
o
=

A. The derivative f'(h) of f(x) = sin(z)

B. The derivative f'(m) of f(x) = sin(x)

C. The derivative f'(m) of f(x) = cos(z)

D. The derivative f’(0) of f(z) = cos(x)

E. The derivative f'(0) of f(x) = sin(x)
Solution:

4. (5 points) Consider the curve defined by x? — xy + 3y* = 5. Find the tangent line to
this curve at the point (z,y) = (2, 1).

A.

B.

1

y—1:—§(x—2)
1
y—l=5-2)
3
y—lz—z(f—Q)
3

cy—1=—(z—-2)

4
5

Ly—1=—-(z—-2)

4

Solution: Compare WS 2.11 #1, #4.
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5. (5 points) At time ¢ = 0, an object is thrown upwards from the top of a building that is
100 meters above the ground. The object is thrown with a velocity of 12 meters/second.
Find its height above the ground after 4 seconds. Use that the acceleration due to gravity
is 10 meters/second? downwards.

A. 28 meters

. 58 meters

B

C. 68 meters
D. 38 meters
E

. 48 meters

Solution: WS 3.1

6. (b points) The derivative of f is f'(z) = x(x — 2)(x — 3). Find the interval or intervals
where f is decreasing.

A. (—00,0) and (2,3)
B. (—00,0) and (3, 00)
C. (0,2) and (3, 00)
D. (3,00)

E. (0,2)

Solution: WW 3.6.1-2, #1
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4
7. (5 points) Let f(z) = 1/z. Find the left Riemann sum approximation for / f(z)dx

2
which uses three subintervals of equal length. On each subinterval, use the value of f at
the left endpoint of the subinterval for the height of the rectangle. Round your answer
to three decimal places.

A 0779 B 0.783 C.0.781 D. 0.777 E. 0.775

Solution: Compare WW II-1.1 #8
The division points are {2,8/3,10/3,12/3}. The Riemann sum is

21 3 3 47

=(= —) = — =~ 0.783.
3(2+8+10) 60

n

6 2k
8. (b points) Consider the limit lim — Z sin(3 + —). Express the limit as an integral.
n

n—oo N
k=1

6
A. / sin(2x) dx
3
6
B. / 6sin(z) dx
3
5
C. / 6sin(x) dz
3
6
D. / 2sin(z) dx
3
5
E. / 3sin(z) dx
3

Solution: WW II-1.1 #6
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300 300 200
9. (5 points) Suppose / f(x)dr =1 and f(x)dx =2. Find / 2f(x) dx.
100 200 100
A. 2
B. —4
C. -1
D. 1
E. =2

Solution: WS II-1.2, #1.

10. (5 points) Let f(x) = —v/16 — 22. Evaluate the integral /4 f(z) dx by using the for-
mula for the area of a circle. "
A. 167
8T
4dm
—167
—4r

= O QW

Solution: WW II-1.2 #2
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dx

11. (5 points) Evaluate the indefinite integral / 1 ij
A. arctan(x) + C

1

B. 5 arctan(x) + C
1

C. §ln(1 + 2 +C

D. 2arctan(z) + C
E. In(1+2*)+C

Solution: Compare WW II-1.4 #8

12. (5 points) Evaluate the integral / e/ dx. Assume a # 0.
0

e

e—1
a(et/* —1)
ale —1)
et/e —1

=5 QW >

Solution: WW [1-1.4
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Free response questions, show all work

13. (10 points) Compute the derivatives.

(1) (%)

" i ()
d

V243
(c) vttt

Solution: a) Use the product rule and chain rule to find

d
— (23¢*") = 322* + 2® - dze® = (32% + 4zt)e?

dx

b) Use the quotient rule to write

i(?) + sin(x)) _ cos(z)(3 —sin(z)) — (— cos(x))(3 + sin(z)) _ 6 cos(z)
dx 3 — sin(z) (3 — sin(z))? (3 —sin(x))?
Alternate solution: Write gi—Z—Eg; = [(3 + sin(x))(3 — sin(z))"!]. Differentiating

with the product rule and chain rule gives

d . ()1
%(3 +sin(z))(3 — sin(z))

= cos(x)(3 — sin(x)) ™! + (3 + sin(z))(— cos(x))(—1)(3 — sin(z)) 2
= cos(7)(3 —sin(x)) ! + (3 + sin(w)) cos(z) (3 — sin(z))

¢) We write the radical as a power and use the chain rule to find

d 5 1 1 a
—(*+3)1? = 2t(* +3)71? =
d:c< ) 2 ( )

t

VE2+3

Grading:

a) Product rule (2 point), chain rule (1 point), answer (1 point).

b) Quotient rule (2 points), answer (1 point)

¢) Derivative of square root (1 point), chain rule (1 point), answer (1 point)

Notes: Problem does not ask for simplification. A student who applies a rule, but
with some minor error may receive the credit for the rule, but not for the correct
answer.

Page 9 of 12



MA 113 Exam 4 Fall 2022

14. (10 points) A 4 meter ladder leans against a wall. When the bottom of the ladder is 1
meter away from the wall, the bottom of the ladder is sliding away from the wall at 0.3
meter /second.

(a) Make a sketch summarizing the information in the problem. Label the quantities
you use in your solution.

(b) Find the height of the top of the ladder when the base of the ladder is 1 meter away
from the wall.

(c) Find the rate of change of the angle between the ladder and the wall when the base
of the ladder is 1 meter from the wall. Is the angle increasing or decreasing?

Solution:
a)
g b) Using Pythagoras’s theorem, we have ¢* = x?+y* When
€>X/ x =1 and ¢ =4, we can solve to find y = /42 — 12 = /15
L3 meters.
X

¢) We have 0 = arcsin(z/{) = arcsin(x/4). Differentiating we have
1

V1= (x/4)?
0.3 1

_ r_ /03 _ _3
When z = 1 meter and 2’ = 0.3 meters/second, we have ' = = e Ve

/

x/
4

seconds™!.

The angle is increasing since the derivative is positive.

Alternate solution: We write sin(d) = x/4 and differentiate with respect to time to
find 19’ cos(f) = 2'/4 or 0 = cosl(eyx = \}”1;5 = \[}T% since cos(f) = y/4 = v/15/4 when
r=1.

Grading:
a) Sketch with at least one side or angle labeled (1 point)
b) Use of Pythagoras (1 point), answer (1 point)

¢) Equation involving # and two sides (1 point). Differentiate to find equation in-
volving 0" (2 points), answer for 6’ (2 points), angle is increasing (1 point). Units in
part b) and ¢) (1 point).

Note: If we begin with tan(f) = y/z or cos(d) = y/4, it is more challenging to find
the answer since we need to find 1/.

WW 3.2 #7
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15. (10 points) Below are the graphs of f(z) = 2® — 3z and g(x) = x. Find the area of the
shaded region.

31Y

Solution: WS II-§1.5 #4.

The graphs of z° — 3z and z intersect for x where x = 2® —3z or 2° — 4z = z(2?—4) =
0. The solutions are x = —2,0, 2.

The area between the graphs of y = x and y = 2% — 4x is

2
/ |2® — 4z dx.
-2

We use that 22 —3x >z for —2<x <0and z > 2% — x for 0 < z < 2 to write the
integrand without absolute values and obtain that the area is

/0 (2% — 4x) dx + /02(4x — %) du.

-2

We use FTC II to evaluate the integrals,

0 2 24 0 24 1P
/(x3—4x)d:v—l—/ (4o — 2%) dx = (= — 22%) + (222 — =)
-2 0 4 r=—2 4 =0
16 16
—0— (S —8) 4 (-8 —0=8.
CEDERL

Grading:

Points of intersection (2 points) (may read from graph), expression of area as an
integral (1 point), expressing area without absolute values (3 points), finding anti-
derivative (2 points), value for area (2 points).

Students may read points of intersection off of graph. Students who go directly to
an expression without absolute values should receive 6 points for the expression.
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16. (10 points) Let f(z) :/ et dt.
0
(a) Find f" and f”.
(b) Find the intervals where f is increasing and decreasing.
(c¢) Find the intervals where f is concave up and concave down.
)

(d) Find the inflection point(s), if any.

Solution: WW II-1.3 #10

a) According to FTC I, the derivative of f, f'(z) = e~ . Then using the chain rule,
we have f”(z) = —2ze ™.

b) Since f’'(z) > 0 for all =, the function f is increasing on (—oo, +00).

c¢) Since f’(x) > 0 for z in (—o00,0), the function f is concave up there. Since
f"(x) <0 for z in (0,00), the function f is concave down on (0, c0).

d) The function changes concavity at = = 0, so (z,y) = (0,0) is an inflection point.
Grading:

a) f" and use of FTC I (3 points), f” (1 point)

b) Interval of increase (2 points)

c¢) Intervals of concavity (2 points)

d) Inflection point (2 points), only require z-coordinate for full credit.
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