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Homework

Webwork B6 on 14.7 (Maxima and minima) is
due tonight!

Webwork B7 on 14.8 (Lagrange multipliers) is
due Friday

Study for Quiz #6 on 14.6-14.7, tomorrow in
recitation

Re-read section 15.1, read section 15.2

Begin work on problems 9-21 (odd), 27-43
(odd), 49 from 15.1




Unit II: Differential Calculus of Several Variables

Lecture 12
Lecture 13
Lecture 14
Lecture 15
Lecture 16
Lecture 17
Lecture 18
Lecture 19

Lecture 20
Lecture 21
Lecture 22

Lecture 23

Functions of Several Variables

Partial Derivatives

Tangent Planes and Linear Approximation
The Chain Rule

Directional Derivatives and the Gradient
Maximum and Minimum Values, |
Maximum and Minimum Values, |l
Lagrange Multipliers

Double Integrals
Double Integrals over General Regions

Double Integrals in Polar Coordinates

Exam |l Review



Learning Goals

Goals of the Day

e Understand why the volume under a surface can be computed
as a double integral, a limit of double Riemann sums

e Understand how to compute double integrals over rectangles
as iterated integrals

e Understand how to find the average value of a function of two
variables over a rectangular domain
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Calculus |: Areas under Curves

The area under the graph of y = f(x)
between x = a and x = b is approxi-
mated by Riemann sums

n
Z f(x7) Ax
i=1
where
b—
Ax = 2
n
2 b x; = a+ iAx
<
Ax X € [xi-1,xi]

A Riemann sum with n = 8 for
fab f(x) dx
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Calculus |: Areas under Curves

A Riemann sum with n = 8 for

fab f(x) dx

The area under the graph of y = f(x)
between x = a and x = b is approxi-
mated by Riemann sums

i=1
where
b—a
Ax =
n
x; = a+ iAx
X\ € [xi—1,xi]
X' =x;i_1 (left endpoint )
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Calculus |: Areas under Curves

The area under the graph of y = f(x)
between x = a and x = b is approxi-
mated by Riemann sums

n
q Y Fx) Bx
i=1
where
b—
Ax = 2
n
3 b x; = a+ iAx
<«
Ax X,-* S [x,-,l,x,-]
AbRiemann sum with n = 8 for X; = xj_1 (left endpoint )
3 £(x) dx xF = x; (right endpoint)
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Calculus |: Areas under Curves

The area under the graph of y = f(x)
between x = a and x = b is approxi-
mated by Riemann sums

n
Z f(x7) Ax
i=1
where
b—
Ax = 2
n
2 b x; = a+ iAx
N *
Ax X; € [x,-,l,x,-]
AbRiemann sum with n = 8 for X; = xj_1 (left endpoint )
3 £(x) dx xF = x; (right endpoint)
xp = M1 EX (midpoint)

i 2
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Calculus |: Areas under Curves

The exact area under the graph of f(x) be-
tween x = aand x = b is

/abf(x) dx

The Fundamental Theorem of Calculus
states that, if f is continuous on [a, b], then

for any antiderivative F of f.

We extended these ideas to compute the net
area under the graph of a signed function
and the average value of a function f over
an interval [a, b]



Learning Goals From Areas to Volumes Iterated Integrals General Regions Average Values

Calculus Il: Volumes under Surfaces

Problem Find the volume between the
rectangle

R =[a, b] x [c,d]
in the xy plane and the surface
S={(xy.2): (xy) ER z="f(xy)}

if £ is a continuous function.

y 1. Divide the rectangle R into an
nx n ‘grid" of subrectangles R; ;

. For each subrectangle R; ;, make
a box of height f(x/, y/")

3. Add up the volumes of the n?
boxes
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Iterated Integrals

Average Values

General Regions
Volumes Under Surfaces
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Volumes Under Surfaces

® Pick a rectangle R;; in the grid,
z area AA
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Volumes Under Surfaces

® Pick a rectangle R;; in the grid,
z area AA

® Pick (x/,y/) in the rectangle

()
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Volumes Under Surfaces

® Pick a rectangle R;; in the grid,

“ area AA
[AN
FEN ® Pick (x/,y/) in the rectangle
| N
S~ H * %
1 &7 S ® Make a box of height f(xl.,yj)
A y over R; j
&/ //
. y
/
> /
~ /
] y
R
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Volumes Under Surfaces

® Pick a rectangle R;; in the grid,

z area AA
[N
N : * %)
| N ® Pick (x] Y ) in the rectangle
i .y .
) e ® Make a box of height f(x;‘,yj*)
4 y over R; j
/ !
< 4 ® The volume of the box is
N R // \/U:f(x’*,yj*)AA
— y
R
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Volumes Under Surfaces

® Pick a rectangle R;; in the grid,
area AA

Pick (x", y;") in the rectangle
Make a box of height f(x", y/)
over R; j

The volume of the box is

Vij = f(xi,yj) DA

The approximate volume under
the surface is

n n

Z Zf(x?,yj*)AA

i=1j=1
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Volumes Under Surfaces

® Pick a rectangle R;; in the grid,
area AA

Pick (x", y;") in the rectangle

Make a box of height f(x/, y/")
over R; j

The volume of the box is

V= f(x’.*,yj*) AA

The approximate volume under
the surface is

n n

Z Zf(x?,yj*)AA

i=1j=1

V = limpoeo X7 g F(x7, y)) AA
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Volumes By Integration
If R =[a, b] x [c,d] and

S={(xy.z):z="f(xy) (x,y) €R}

then the volume between R and S is

Find //Rf(x,y) dA if
R=[-1,1] x [0,2]

and
flx,y) =v1—x2

Can you do this without calculus?




Iterated Integrals

Iterated Integrals

When you studied one-variable calculus, you first found out how to compute
antiderivatives and then you learned how to compute definite integrals using
them

Now that you're studying two variable calculus, you'll first learn about iterated
integrals and then learn how to compute integrals over rectangles with them.

Suppose R is a rectangle [a, b] X [c, d] and f is a continuous function on R.
Then

A = [y ay

is a function of x. For example if f(x,y) = x?y and R = [1,2] x [3, 4], then

4 2,24

2 Xy T2

dy = =L

/3(X y)dy = = ,7 2

We then compute fabA(x) dx. For example

27 7 5% 49
/ —x%dx = —x3 = —

1 2 6 |—1 6




Iterated Integrals

Iterated Integrals

If f(x,y) is a continuous function on a rectangle
R = |[a, b] X [c, d], the iterated integral of f is

/ab/cdf(x,y)dydx:/ab</Cdf(x,y)dy> dx

1. Find [} [ (6x%y —2x) dy dx
. 3 5iny
2. Find fl fl ;dydx

3. (Ringer) fol f12 (x+e7Y) dxdy
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Fubini’'s Theorem

Theorem If f is continuous on the rectangle
R={(x,y):a<x<b, c<y<d}

then

//Rf(x,}’)dAz/ab/cdf(x,y)dydx:/Cd/abf(x,y)dxdy.

Evaluate these double integrals.

1. // xsec?y dA, R = [0,2] x [0, 7r/4]
R
2
xy B B
2. //Rf_i_ldA,R_[O,l]x[ 3,3]

s !l A R=13x[12
Rl1+x+y
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Volumes by lterated Integrals

1. Find the volume of the solid that lies under the plane
4x +6y —12z+15=0

and above the rectangle [—1,2] x [—1, 1]

2. Find the volume of the solid lying under the elliptic paraboloid
x2/4+y2/9+z =1

and above the rectangle [—1,1] x [—2,2]
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Preview: Integrals over General Regions

Find
y //D(x +3y)dA

if

D={1<x<3, x/3<y<4x/3}

y=4x/3

y=x/3




Iterated Integrals General Regions

Preview: Integrals over General Regions

Learning Goals From Areas to Volumes
y
y=4x/3
1
1
1
1
1
=y =x/3
1 X 3

Find

//D(x+3y)dA

D={1<x<3, x/3<y<4x/3}

//D(x+3y) dA =
/13 (/):;/s(x+3y) dy) dx

if

Average Values
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y Find

B — JIRT

if D is the region enclosed by the curves

_ - and




Iterated Integrals General Regions Average Values

Learning Goals From Areas to Volumes

y Find

T /] 11
RS P D
if D is the region enclosed by the curves
X
X=2- y2
e and
x=—2+y2

D={-vV2<y<Vv2 —2+y><x<2+y?}
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y Find

- [[ 10n

if D is the region enclosed by the curves

X=2—-y

S i B and

X=—2+y2.

D={-vV2<y<Vv2 —2+y><x<2+y?}

//ldA/ (/2+y1dx>dy
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Average Values

The average value of y = f(x) on [a, b] is

f L 04
=5 | Fx)dx

The average value of z = f(x, y) on a rectangle R with area A(R) is

fév:ﬁ//ﬁ’f(x,y)dA

— — Find the average value of f(x,y) = x%y over a
— — rectangle with vertices (—1,0), (—1,5), (1,5), and
— — (1,0).
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