On the Dimension of the Attractor for the Non-Homogeneous Navier-Stokes Equations in Non-Smooth Domains

Russell M. Brown^∗ Department of Mathematics

University of Kentucky Lexington, KY 40506

Peter A. Perry^† Department of Mathematics University of Kentucky Lexington, KY 40506

Zhongwei Shen^‡ Department of Mathematics University of Kentucky Lexington, KY 40506

Abstract

This paper concerns the two-dimensional Navier-Stokes equations in a Lipschitz domain Ω with nonhomogeneous boundary condition u = φ on ∂Ω. Assuming φ ∈ L^∞(∂Ω), we establish the existence of the universal attractor, and show that its dimension is bounded by c_1G + c_2Re^{3/2}, where G is the Grashof number and Re the Reynolds number.

1 Introduction

Consider the two-dimensional Navier-Stokes equations ∂u ∂t − νΔu + (u · ∇)u + ∇p = f in Ω div u = 0

(1.1)

∗Supported in part by NSF grant DMS-9801276 †Supported in part by NSF grant DMS-9707051.

‡Supported in part by the AMS Centennial Research Fellowship and the NSF grant DMS-9596266.

with the nonhomogeneous boundary condition

u = φ on ∂Ω (1.2)

where f ∈ L^2(Ω) and φ ∈ L^∞(∂Ω) are time-independent functions. We consider this equation in an appropriate Hilbert space and show that there is an attractor A which all solutions approach as t → ∞. Furthermore, we show that this attractor has finite Hausdorff and fractal dimensions and establish that

dimA ≤ c_1 G + c_2 Re^{3/2} (1.3)

where G is the Grashof number, Re is the Reynolds number, and c_1, c_2 are nondimensional constants depending on Ω. The main interest of this work lies in our assumptions on the domain Ω occupied by the fluid as well as on the nonhomogeneous boundary data φ. Indeed, we will only assume that Ω is a (simply connected) Lipschitz domain in R^2 and

φ ∈ L^∞(∂Ω), φ · n = 0 a.e. on ∂Ω (1.4)

where n is the outward unit normal to ∂Ω. Such assumptions are much more physically realistic than the ones in the existing estimates. In particular, our study covers the classical driven cavity model where Ω = (0, 1) × (0, 1) is a square and φ = (1, 0) on (0, 1) × {1}, φ = (0, 0) otherwise.

The study of attractors for the Navier-Stokes equations has received considerable attention in recent years in an attempt to understand turbulence and chaos mathematically. In the case that Ω is smooth and φ = 0, the dimension estimate (1.3) reduces to dim A ≤ c_1 G and is well-known. We refer the reader to [3, 4, 7] and Temam’s monograph [16] for further references.

Recently, it was shown by A. Ilyin [8] that, if φ = 0, the estimate dim A ≤ c G in fact is valid for arbitrary domains in R^2 with finite measures. For flows driven by boundary conditions, (1.3) was established by A. Miranville and X. Wang [9] under the assumptions that ∂Ω is C^3 and |∇φ| ∈ L^∞(∂Ω). The present work extends the result of Miranville and Wang to the nonsmooth setting.

The paper is organized as follows. In section 2, we reduce the problem (1.1)- (1.2) to equations similar to the Navier-Stokes equations with homogeneous boundary condition. This will be done by constructing a function ψ (background flow) such that div ψ = 0 in Ω and ψ = φ on ∂Ω. (1.5) The basic idea of our construction, which is motivated by the work of Miranville- Wang, is to localize the solution of the Stokes system with boundary data φ to a ε-neighborhood of ∂Ω. Let v = u − ψ where u is a solution of (1.1)-(1.2). Then v satisfies, at least formally, ∂v ∂t − νΔv + (v · ∇)v + (v · ∇)ψ + (ψ · ∇)v + ∇p = f + νΔψ − (ψ · ∇)ψ div v = 0

(1.6)

in Ω and v = 0 on ∂Ω. (1.7) In section 3, we establish the existence and uniqueness of weak solutions to (1.6)- (1.7). We also give a definition of weak solution to the boundary value problem (1.1)- (1.2) for the Navier-Stokes equations. This definition is motivated by our construction of solutions as a sum of a background flow and a solution to equation (1.6)-(1.7). We prove that with our definition we have existence and uniqueness. It is easy to check that a sufficiently smooth solution of the Navier Stokes equations (1.1)-(1.2) also satisfies our definition.

In section 4 we show that, if v|_{t=0} = v_0 ∈ H, then the solution of (1.6)-(1.7) satisfies v ∈ L^∞_{loc}((0, ∞); D(A^{1/4})) (1.8) where H = {f ∈ L^2(Ω); divf = 0 in Ω, f · n = 0 on ∂Ω} (1.9) and D(A^{1/4}) denotes the domain of A^{1/4}, with A being the Stokes operator. We remark that, since φ is merely a bounded function on ∂Ω, ψ ∉ H^1(Ω) in general. Thus one may not expect v ∈ L^∞_{loc}((0, ∞); D(A^{1/2})) as in the standard theory, even if the initial data v_0 is smooth.

Let w(t) = S(t)v_0 denote the solution to (1.6)-(1.7) with initial data v_0. Using estimates obtained in section 4, we show in section 5 that the semigroup S(t) is uniformly differentiable on bounded subsets of H, and the ball in D(A^{1/4}) centered at 0 with a suitable radius absorbs any bounded set of H. This, together with the abstract machinery in [16], gives the existence of the universal attractor as well as the desired estimate of its dimension.

To state the main theorem, we introduce the Grashof number G and the Reynolds number Re: G = ‖f‖_L2_{(Ω)} ν^2λ_1

, Re = ‖φ‖_L∞_{(∂Ω)} νλ^{1/2}_1

. (1.10) In the above, λ_1 is the first eigenvalue of the Stokes operator A.

The following is the main result of the paper.

Theorem 1.11 Let Ω be a simply connected Lipschitz domain in R^2. Suppose φ ∈ L^∞(∂Ω), φ · n = 0, and f ∈ L^2(Ω). Then

(i) The dynamical system associated to (1.6)–(1.7), more precisely, to the abstract differential equation (3.1), possesses an universal attractor A,

(ii) The Hausdorff and fractal dimensions of A are bounded by c_1G + c_2Re^{3/2} + 1, where c_1, c_2 are nondimensional constants depending on Ω.

Remark 1.12. The background flow ψ in (1.5) is C^∞ in Ω and belongs to H^{1/2}(Ω) ∩ L^∞(Ω). Also, ψ = φ on ∂Ω in the sense of nontangential convergence. See Theorem 2.3, Propositions 2.13 and 2.14.

Remark 1.13. Note that if S(t)v_0 denotes the solution to (1.6)-(1.7) with the initial data v_0, then ψ + S(t)(u_0 − ψ) is the solution to (1.1)-(1.2) with the initial data u_0 and boundary data φ. Hence the universal attractor for (1.1)-(1.2) is given by the translation ψ + A = {ψ + v : v ∈ A}.

2 Construction of Background Flow

Let Ω be a bounded domain in R^d. We say that Ω is a Lipschitz domain if its boundary ∂Ω can be covered by finite many balls B_j = B(Q_j, r_0) centered at Q_j ∈ ∂Ω such that for each B_j , there exists a rectangular coordinate system and a Lipschitz function ψ_j : R^{d−1} → R with

B(Q_j , 3r_0) ∩ Ω = {(x_1, · · · , x_d); x_d > ψ_j (x_1, · · · , x_{d−1})} ∩ Ω.

Throughout this paper we will assume that Ω is a simply connected Lipschitz domain in R^2.

For a function u on Ω, we define its nontangential maximal function (u)^∗ by (u)^∗(Q) = sup{|u(x)|; x ∈ Ω, |x − Q| ≤ 2 dist(x, ∂Ω)}, Q ∈ ∂Ω. (2.1) As we mentioned in the introduction, our background flow will be constructed using the solution to the Stokes system:

−Δu + ∇q = 0 in Ω div u = 0 in Ω u = φ a.e. on ∂Ω in the sense of nontangential convergence.

(2.2)

Theorem 2.3 Let Ω be a simply connected Lipschitz domain in R^2. If φ ∈ L^2(∂Ω) and ∫ ∂Ω φ · n dσ = 0, there exists a unique u and a unique (up to a constant) q satisfying (2.2) and (u)^∗ ∈ L^2(∂Ω). In fact, the solution (u, q) will satisfy ∫ ∂Ω |(u)^∗|^2 dσ + ∫ Ω |∇u(x)|^2 dist(x, ∂Ω) dx + ∫ Ω |q(x)|^2 dist(x, ∂Ω) dx ≤ C ∫ ∂Ω |φ|^2 dσ. (2.4) If, in addition, φ ∈ L^∞(∂Ω), then

sup_{x ∈ Ω} |u(x)| + sup_{x ∈ Ω} |∇u(x)| dist(x, ∂Ω) ≤ C‖φ‖_L∞_{(∂Ω)}. (2.5)

Remark. If Ω is a Lipschitz domain in R^d, d ≥ 3 with connected boundary, the L^2- estimate (2.4) was established in [6]. Also see [2]. In the case d = 3, the L^∞-estimate (2.5) was obtained in [12]. The arguments in [6] and [12] can be extended to the case d = 2, with some modifications. The two-dimensional case is slightly different because of the logarithmic singularity of the fundamental solution. In the appendix, we will indicate the changes that are needed in two dimensions.

Let u = (u_1, u_2) be the solution of (2.2) with φ ∈ L^∞(∂Ω) and φ · n = 0. Fix P ∈ ∂Ω. We define g(x) = ∫_x P (−u_2, u_1) · T ds (2.6) where T denotes the unit tangent vector to the path from P to x = (x_1, x_2). Since Ω is simply connected and div u = 0 in Ω, g is well-defined by Green’s theorem, and u = ( ∂g ∂x_2 , − ∂g ∂x_1 ) . (2.7)

Moreover, since u = φ on ∂Ω and φ · n = 0 a.e., we have

g = 0 on ∂Ω. (2.8)

Next let ε ∈ (0, c diam(Ω)) be a constant to be determined later. Let η_ε ∈ C^∞_0 (R^2) such that, 0 ≤ η ≤ 1, η_ε = 1 in {x ∈ R^2; dist(x, ∂Ω) ≤ c_1ε} η_ε = 0 in {x ∈ R^2; dist(x, ∂Ω) ≥ c_2ε}

(2.9) and |∇^αη_ε| ≤ c_α/ε^{|α|}. (2.10) We remark that η_ε can be found in the form f ( ρ(x) ε ) where ρ ∈ C^∞ is a regularized distance function to ∂Ω (see [13, p.170]) and f is a standard bump function.

Finally, we define the background flow

ψ = ψ_ε = ( ∂ ∂x_2 (gη_ε), − ∂ ∂x_1 (gη_ε) ) . (2.11)

Clearly, div ψ = 0 in Ω, ψ = u in {x ∈ Ω; dist(x, ∂Ω) < c_1ε}. Hence, ψ = φ on ∂Ω in the sense of nontangential convergence. Also note that supp ψ ⊂ {x ∈ Ω; dist(x, ∂Ω) ≤ c_2ε}. (2.12) Proposition 2.13 With φ and ψ as above, we have ‖ψ‖_L∞_{(Ω)} ≤ C‖φ‖_L∞_{(∂Ω)}. Proof. Note that, by (2.11), (2.7) and (2.5), |ψ(x)| ≤ |∇g(x)| + |g(x)| |∇η_ε(x)| ≤ C‖φ‖_L∞_{(∂Ω)} + |g(x)| |∇η_ε(x)|. To estimate the second term, by (2.12), we may assume dist(x, ∂Ω) ≤ c_2 ε. Since g = 0 on ∂Ω, |g(x)| ≤ Cε‖∇g‖_L∞_{(Ω)} = Cε‖u‖_L∞_{(Ω)}. Thus, by (2.10) and (2.5), |g(x)| |∇η_ε(x)| ≤ C ε |g(x)| ≤ C‖φ‖_L∞_{(∂Ω)}.

Proposition 2.14 Let 2 ≤ p ≤ ∞. Then ‖ |∇ψ| dist(·, Ω)^{1−1/p}‖_Lp_{(Ω)} ≤ C‖φ‖_Lp_{(∂Ω)}. Proof. It follows from (2.4), (2.5) and complex interpolation that ‖ |∇u| dist(·, ∂Ω)^{1−1/p}‖_Lp_{(Ω)} ≤ C‖φ‖_Lp_{(∂Ω)}, 2 ≤ p ≤ ∞. (2.15) Note that, by the definition (2.11) of ψ and (2.10), |∇ψ| ≤ C{|∇u| + 1 ε |u| + 1 ε^2 |g|}. With (2.15), we only need to estimate 1 ε |u| and 1 ε^2

|g|. We may assume dist(x, ∂Ω) ≤ c_2 ε in view of (2.12).

For 1 ε |u|, we note that ∫ dist(x,∂Ω)≤c_2ε | | | | u ε | | | | p dist(x, ∂Ω)^{p−1} dx ≤ C ε ∫ dist(x,∂Ω)≤c_2ε |u|^p dx ≤ C ∫ ∂Ω |(u)^∗|^p dσ ≤ C ∫ ∂Ω |φ|^p dσ where the last inequality is a consequence of (2.4)-(2.5) and real interpolation.

Similarly, ∫ dist(x,∂Ω)≤c_2ε | | | | g ε^2 | | | | p dist(x, ∂Ω)^{p−1} dx ≤ C ε^{p+1} ∫ dist(x,∂Ω)≤c_2ε |g|^p dx ≤ C ε^p ∫ ∂Ω |(g)^∗_ε|^p dσ where (g)^∗_ε(Q) = sup {|g(x)|; x ∈ Ω, dist(x, ∂Ω) ≤ c_2 ε, |x − Q| < 2 dist(x, ∂Ω)}. Since for any x ∈ Ω with dist(x, ∂Ω) ≤ c_2 ε and |x − Q| < 2 dist(x, ∂Ω), |g(x)| = |g(x) − g(Q)| ≤ Cε (∇g)^∗(Q) = Cε (u)^∗(Q), we have (g)^∗_ε(Q) ≤ Cε (u)^∗(Q). It follows that ∫ dist(x,∂Ω)≤c_2ε | | | g ε^2 | | | p dist(x, ∂Ω)^{p−1} dx ≤ C ∫ ∂Ω |(u)^∗|^p dσ ≤ C ∫ ∂Ω |φ|^p dσ. The proof is complete.

Proposition 2.16 Let ψ be defined by (2.11). Then

Δψ = ∇(qη_ε) + F

where supp F ⊂ {x ∈ Ω; c_1 ε ≤ dist(x, ∂Ω) ≤ c_2 ε} and

‖F ‖_L2_{(Ω)} ≤ C ε^{3/2} ‖φ‖_L2_{(∂Ω)}.

Proof. A simple computation shows

Δψ = ∇(qη_ε) + F (2.17)

where F = q∇η_ε + 2∇η_ε · ∇u + uΔη_ε + Δg ( ∂η_ε ∂x_2 , − ∂η_ε ∂x_1 )

+2∇g · ∇ ( ∂η_ε ∂x_2 , − ∂η_ε ∂x_1 ) + gΔ ( ∂η_ϵ ∂x_2 , − ∂η_ϵ ∂x_1 ) . Clearly, supp F ⊂ {x ∈ Ω; c_1 ε ≤ dist(x, ∂Ω) ≤ c_2 ε} = (∂Ω)_ε and |F | ≤ C {| |q ε | | | + | | | ∇u ε | | | + | | | u ε^2 | | | + | | | g ε^3 | | | } . It follows that ∫ Ω |F |^2 dx ≤ C {∫ (∂Ω)_ε | | | | q ε | | | | 2 dx + ∫ (∂Ω)_ε | | | | ∇u ε | | | | 2 dx + ∫ (∂Ω)_ε | | | | u ε^2 | | | | 2 dx + ∫ (∂Ω)_ε | | | | g ε^3 | | | | 2 dx } . Using (2.4), we have ∫ (∂Ω)_ε | | | q ε | | |^2 dx ≤ C ε^3 ∫ Ω |q|^2 dist(x, ∂Ω) dx ≤ C ε^3 ∫ ∂Ω |φ|^2 dσ, ∫ (∂Ω)_ε | | |∇u ε | | | 2 dx ≤ C ε^3 ∫ Ω |∇u|^2 dist(x, ∂Ω) dx ≤ C ε^3 ∫ ∂Ω |φ|^2 dσ, ∫ (∂Ω)_ε | | | | u ε^2 | | | | 2 dx ≤ C ε^4 ∫ (∂Ω)_ε |u|^2 dx ≤ C ε^3 ∫ ∂Ω |(u)^∗|^2 dσ ≤ C ε^3 ∫ ∂Ω |φ|^2 dσ. Finally, ∫ (∂Ω)_ε | | | | g ε^3 | | | | 2 dx = 1 ε^6 ∫ (∂Ω)_ε |g|^2 dx ≤ C ε^5 ∫ ∂Ω |(g)^∗_ε|^2 dσ ≤ C ε^3 ∫ ∂Ω |(∇g)^∗_ε|^2 dσ ≤ C ε^3 ∫ ∂Ω |(u)^∗|^2 dσ ≤ C ε^3 ∫ ∂Ω |φ|^2 dσ, where we have used (g)^∗_ε ≤ Cε(∇g)^∗_ε. The estimate of ‖F ‖_L2_{(Ω)} now follows.

We now set v = u − ψ where u is a solution of (1.1). Using (2.17), formally we have ∂v ∂t − νΔv + (v · ∇)v + (v · ∇)ψ + (ψ · ∇)v

+∇(p + νqη_ε) = f + νF − (ψ · ∇)ψ div v = 0 v = 0 on ∂Ω.

(2.18)

3 Existence of Weak Solutions to (2.18)

We begin with a list of notation.

H = {u ∈ L^2(Ω); div u = 0 in Ω, u · n = 0 on ∂Ω}, V = {u ∈ H^1_0 (Ω); div u = 0 in Ω}, | · |_p, the L^p(Ω) norm, ‖ · ‖, the norm in V , ⟨ , ⟩, the inner product in H or the dual product between V and V^′, ( , ) the inner product in V .

We let A denote the Stokes operator, which may be defined as the unique positive self-adjoint operator associated with the quadratic form (·, ·) on V (see [10, Theorem VIII.15]). We let B(u, v) = (u·∇)v, and we will see below that this defines an element of H^{−1}(Ω) ⊂ V^′. We let P be the orthogonal projector in L^2(Ω) on the space H. In view of (2.18), we consider the differential equation dv dt + νAv + B(v, v) + B(v, ψ) + B(ψ, v) = P (f + νF ) − B(ψ, ψ) v(0) = v_0 ∈ H.

(3.1)

We point out that ⟨B(v, ψ), w⟩, ⟨B(ψ, v), w⟩ and ⟨B(ψ, ψ), w⟩ are well-defined if v,w ∈ V . This follows easily from the estimate |ψ(x)| + |∇ψ(x)| dist(x, ∂Ω) ≤ C ‖φ‖_L∞_{(∂Ω)} (3.2) (see Propositions 2.13 and 2.14) and Hardy’s inequality ∫ Ω |v(x)|^2 [dist(x, ∂Ω)]^2 dx ≤ C ∫ Ω |∇v(x)|^2 dx, for v ∈ H^1_0 (Ω). (3.3)

Thus (3.1) is an abstract differential equation in V^′.

We first establish the existence of solutions of (3.1) by the standard Faedo-Galerkin method.

Let {w_j}^∞_{j=1} be an orthonormal basis of H such that Aw_j = λ_j w_j, λ_1 ≤ λ_2 ≤ · · ·. Fix m ≥ 1, let v_m(t) = m∑ j=1 g_{jm}(t)w_j . We solve the system of ODE’s ⟨ dv_m dt , w_j ⟩ + ν(v_m, w_j) + b(v_m, v_m, w_j) + b(ψ, v_m, w_j) + b(v_m, ψ, w_j) = ⟨f̄, w_j⟩ − b(ψ, ψ, w_j), j = 1, 2, · · · , m, v_m(0) = P_mv_0

(3.4)

where b(u, v, w) = ⟨B(u, v), w⟩, f̄ = P (f + νF ), and P_m : H → span{w_1, · · · , w_m} is the projector.

We now show that {v_m(t)} is a bounded set in L^∞((0, T ); H) ∩ L^2((0, T ); V ) and { dv_m dt } is a bounded set in L^2((0, T ); V^′). By (3.4), we have 1 2 d dt |v_m|^2 + ν‖v_m‖^2 + b(v_m, v_m, v_m) + b(v_m, ψ, v_m) + b(ψ, v_m, v_m) = ⟨f̄, v_m⟩ − b(ψ, ψ, v_m). Since b(v_m, v_m, v_m) = 0, b(ψ, v_m, v_m) = 0, we get 1 2 d dt |v_m|^2 + ν‖v_m‖^2 ≤ |b(v_m, ψ, v_m)| + |⟨f̄, v_m⟩| + |b(ψ, ψ, v_m)|. (3.5)

We estimate each term on the right-hand side of (3.5) separately. First we use (3.2), (2.12) and (3.3) to obtain |b(v_m, ψ, v_m)| ≤ ∫ Ω |v_m| |∇ψ| |v_m| dx ≤ C|φ|_L∞_{(∂Ω)} ∫ dist(x,∂Ω)≤c_2ε |v_m|^2 dx dist(x, ∂Ω) ≤ Cε|φ|_L∞_{(∂Ω)} ∫ Ω |v_m|^2 dx [dist(x, ∂Ω)]^2

(3.6) ≤ Cε|φ|_L∞_{(∂Ω)}‖v_m‖^2. Choose ε = c · min ( ν |φ|_L∞_{(∂Ω)} , diam Ω ) (3.7) and c is so small that |b(v_m, ψ, v_m)| ≤ ν 4 ‖v_m‖^2. (3.8) Next, note that |⟨f̄, v_m⟩| ≤ |⟨f, v_m⟩| + ν|⟨F, v_m⟩| ≤ |f|_2 |v_m|_2 + ν ∫ c_1ε≤dist(x,∂Ω)≤c_2ε |F | |v_m| dx since supp F ⊂ {x ∈ Ω; c_1 ε ≤ dist(x, ∂Ω) ≤ c_2 ε}. It then follows from Proposition 2.16 and (3.3) that |⟨f̄, v_m⟩| ≤ |f|_2 · ‖v_m‖ √ λ_1 + ν|F |_2 · {∫ Ω |v_m|^2 [dist(x, ∂Ω)]^2 dx }_{1/2} · c ε ≤ |f|_2 · ‖v_m‖ √ λ_1 + ν · ‖φ‖_L2_{(∂Ω)} ε^{3/2} · ‖v_m‖ · c ε (3.9) = ‖v_m‖ { |f|_2 √ λ_1 + c ν √ ε ‖φ‖_L2_{(∂Ω)} } . Finally, by (3.2)-(3.3) and (2.12), |b(ψ, ψ, v_m)| ≤ ∫ Ω |ψ| |∇ψ| |v_m| dx ≤ C ‖φ‖_L∞_{(∂Ω)} ∫ Ω |v_m| dist(x, ∂Ω) |ψ| dx

≤ C‖φ‖_L∞_{(∂Ω)} · {∫ Ω |v_m|^2 [dist(x, ∂Ω)]^2 dx }_{1/2} {∫ dist(x,∂Ω)≤c_2ε |ψ|^2 dx }_{1/2}

≤ C‖φ‖^2_L∞_{(∂Ω)} |∂Ω|^{1/2}‖v_m‖ · √ ε.

This, together with (3.5), (3.8) and (3.9), gives 1 2 d dt |v_m|^2 + ν‖v_m‖^2 ≤ ν 4 ‖v_m‖^2 + ‖v_m‖ { |f|_2 √ λ_1 + c ν √ ε ‖φ‖_L2_{(∂Ω)} + C √ ε|∂Ω|^{1/2} ‖φ‖^2_L∞_{(∂Ω)} }

≤ ν 2 ‖v_m‖^2 + C ν { |f|_2 √ λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2} ‖φ‖^2_L∞_{(∂Ω)} }_2

where we also used the Cauchy inequality in the second inequality.

It follows that d dt |v_m|^2 + ν‖v_m‖^2 ≤ C ν { |f|_2 √ λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2}‖φ‖^2_L∞_{(∂Ω)} }_2

. (3.10)

Using (3.10), ‖v_m‖^2 ≥ λ_1|v_m|^2 and Gronwall’s inequality, we then obtain

|v_m(t)|^2 (3.11)

≤ e^{−νλ1t}|v_0|^2 + C ν^2λ_1 { |f|_2 λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2} ‖φ‖^2_L∞_{(∂Ω)} }_2 . By integration, (3.10) also gives ν ∫_t s ‖v_m(τ)‖^2 dτ (3.12)

≤ |v_m(s)|^2 + C ν { |f|_2 √ λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2} ‖φ‖^2_L∞_{(∂Ω)} }_2 · (t − s). The estimates (3.11) and (3.12) show that {v_m(t)} is a bounded set in L^∞((0, T ); H)∩ L^2((0, T ); V ). By considering ⟨ dv_m dt , w ⟩ for w ∈ V , we may prove that { dv_m dt } is a bounded set in L^2((0, T ); V^′) in a similar manner. This and the standard techniques found in [16] now give the following result.

Theorem 3.13 Let f ∈ H, v_0 ∈ H. Then there exists a unique v(t) such that v(0) = v_0,

v ∈ C([0, T ]; H) ∩ L^2((0, T ); V ), dv dt ∈ L^2((0, T ); V^′), ∀ T > 0

and for any w ∈ V , ⟨ dv dt , w ⟩ + ν(v(t), w) + b(v(t), v(t), w) + b(v(t), ψ, w) + b(ψ, v(t), w) = ⟨f̄, w⟩ − b(ψ, ψ, w) a.e. t.

Now we give our definition of weak solution to the boundary value problem (1.1)- (1.2) for the Navier-Stokes equations. We note that with this definition of solution, we have existence and uniqueness. It is easy to see that a smooth solution of Navier- Stokes equations satisfies our definition.

Definition of Weak Solution. Let u_0 and f lie in the space H. Let φ ∈ L^∞(∂Ω) and φ · n = 0 on ∂Ω. We say that u is a weak solution of the equations ∂u ∂t − νΔu + (u · ∇u) = f − ∇p, in Ω × (0, T ) div u = 0 in Ω × (0, T ) u = φ on ∂Ω u(·, 0) = u_0

(3.14)

if the following three conditions hold:

(1) u ∈ C([0, T ]; H), u(·, 0) = u_0, and du/dt ∈ L^2_{loc}((0, T ); V^′). (2) For every v ∈ C^∞_0 (Ω) with div v = 0, we have d dt ⟨u, v⟩ − ν⟨u, Δv⟩ − ∫ Ω u^iu^j ∂v^i ∂x_j dx = ⟨f, v⟩ as distributions on (0, T ). Here, we are using the summation convention. (3) There exist functions ψ ∈ C^2(Ω) ∩ L^∞(Ω), q ∈ C^1(Ω) and g ∈ L^2(Ω) so that Δψ = ∇q + g in Ω div ψ = 0 in Ω ψ = φ on ∂Ω. We assume that ψ obtains its boundary values in the sense of nontangential convergence as in [6]. Finally, we require that the function u − ψ lie in L^2((0, T ); V ). Remark 1. We first observe that if we have two background flows, ψ_1 and ψ_2 as in (3), then ψ_1 − ψ_2 ∈ V . To see this, observe that we can use the Lax-Milgram Theorem to construct a solution of Δw = g_1 − g_2 + ∇(q_1 − q_2) in Ω div w = 0 in Ω w = 0 on ∂Ω which lies in V . By the estimate (A.12) for the solutions of the Stokes system in the appendix, one must have w = ψ_1 − ψ_2. Additional arguments also give that ψ_1 − ψ_2 lies in H^{3/2}(Ω) (see [2]), but we do not need this.

Remark 2. If u is a solution as defined above, then we also have that u ∈ L^4(Ω × (0, T )). In fact, we have (∫ Ω |u(x, t)|^4 dx )_{1/4} ≤ (∫ Ω |u − ψ|^4 dx )_{1/4} + (∫ Ω |ψ|^4 dx )_{1/4}

≤ C (∫ Ω |∇(u − ψ)|^2 dx )_{1/4} (∫ Ω |u − ψ|^2 dx )_{1/4} + (∫ Ω |ψ|^4 dx )_{1/4} .

Now we use that ψ ∈ L^∞(Ω), u − ψ ∈ L^2((0, T ); V ) and u ∈ C([0, T ]; H).

Theorem 3.15 Let u_0 ∈ H, f ∈ H. Suppose that φ ∈ L^∞(∂Ω) and φ · n = 0 on ∂Ω. Then (3.14) has a unique weak solution.

Proof. We begin with the uniqueness. Suppose that u_1 and u_2 are two solutions with associated flows ψ_1 and ψ_2. Let v ∈ C^∞_0 (Ω) and div v = 0. Then by (2) we have d dt ⟨u_1 − u_2, v⟩ − ν⟨u_1 − u_2, Δv⟩ + ∫ Ω (u^i_2u^j_2 − u^i_1u^j_1) ∂v^i ∂x_j dx = 0. (3.16)

We claim that we also have (3.16) for any v ∈ V . In fact, by Remark 1 and (3) of our definition of weak solution, we have u_1 − u_2 = (u_1 − ψ_1) − (u_2 − ψ_2) + (ψ_1 − ψ_2) ∈ L^2((0, T ); V ). Thus we can write

⟨u_1 − u_2, Δv⟩ = −(u_1 − u_2, v).

We also have that for ℓ = 1, 2, | ∫ Ω u^i_ℓu^j_ℓ ∂v^i ∂x_j dx| ≤ (∫ Ω |u_ℓ|^4 dx )_{1/2} (∫ Ω |∇v|^2 dx )_{1/2} . Hence, by Remark 2, we may take v ∈ V in the second and third terms in (3.16). We conclude that d dt (u_1 − u_2) ∈ L^2((0, T ); V^′) and (3.16) holds for any v ∈ V . Let v = u_1 − u_2, then we obtain that 1 2 d dt |u_1 − u_2|^2 + ν‖u_1 − u_2‖^2 ≤ | | | | ∫ Ω (u^i_1u^j_1 − u^i_2u^j_2) ∂v^i ∂x_j dx | | | | . Note that ∫ Ω (u^i_1u^j_1 − u^i_2u^j_2) ∂v^i ∂x_j dx = ∫ Ω u^i_1v^j ∂v^i ∂x^j + u^j_2 1 2 ∂ ∂x_j |v|^2 dx = ∫ Ω u^i_1v^j ∂v^i ∂x^j dx, where the second equality may be justified by using u_2 = (u_2 − ψ_2) + ψ_2 and ψ_2 ∈ L^∞(Ω), u_2 − ψ_2 ∈ L^2((0, T ), V ). It follows that | | | | | ∫ Ω (u^i_1u^j_1 − u^i_2u^j_2) ∂v^i ∂x_j dx | | | | | ≤ (∫ Ω |u_1|^4 )_{1/4} (∫ Ω |v|^2 dx )_{1/4} (∫ Ω |∇v|^2 dx )_{3/4}

≤ ν‖v‖^2 + C_ν ∫ Ω |u_1|^4 dx ∫ Ω |v|^2 dx. Thus, we obtain the differential inequality 1 2 d dt |v|^2 ≤ C_ν |v|^2 ∫ Ω |u_1|^4 dx. Since we have that u_1 ∈ L^4(Ω × (0, T )) and v(·, 0) = 0, this implies that v = 0 and we have established the uniqueness of our solutions.

Next, we establish existence of solutions. The main work has already been done in Proposition 2.16 and Theorem 3.13 where we constructed the family of background flows ψ_ϵ and the function v which satisfies (3.1). Now let u = v + ψ_ϵ where v is the solution of (3.1) with initial data v_0 = u_0 − ψ_ε given in Theorem 3.13. It is easy to check that u satisfies the conditions (1) and (3) in the definition of the weak solution. To see (2), we observe that ψ_ϵ is in C^∞(Ω) while the test function v is compactly supported. Thus the formal manipulations used to arrive at the equation (2.18) for v are easily justified to show that u satisfies (2).

4 Regularity of weak solutions

We devote this section to the proof of v ∈ L^∞_{loc}((0, T ); D(A^{1/4})) where v is the solution of (3.1) given in Theorem 3.13. Since φ ∈ L^∞(∂Ω), we cannot expect the solution v ∈ L^∞_{loc}((0, T ); D(A^{1/2})).

Recall that the powers of the Stokes operator A are defined for z ∈ C by A^zf = ∑ j λ^z_j a_jw_j for f = ∑ j a_jw_j and D(A^z) = {f; A^zf ∈ H} = {f = ∑ a_j w_j; ∑ j λ^{2Rez}_j |a_j |^2 < ∞}. Lemma 4.1 There exists a constant C such that ∫ Ω |u(x)|^2 dx dist(x, ∂Ω) ≤ C ∫ Ω |A^{1/4}u|^2 dx for u ∈ D(A^{1/4}).

Proof. Consider the operator T_z = (dist(x, ∂Ω))^{−z} A^{−z/2}.

If Rez = 1, ∫ Ω |T_zu|^2 dx = ∫ Ω |A^{−z/2}u|^2 dx [dist(x, ∂Ω)]^2 ≤ C ∫ Ω |u|^2 dx, for u ∈ H. This follows from the fact A^{−z/2}u ∈ D(A^{1/2}) = V ⊂ H^1_0 (Ω) and (3.3). Clearly, if Rez = 0, ∫ Ω |T_zu|^2 dx = ∫ Ω |u|^2 dx for u ∈ H. Thus, by Stein’s interpolation theorem [14, p. 205], we obtain ∫ Ω |T_{1/2}u|^2 dx ≤ C ∫ Ω |u|^2 dx, i.e. ∫ Ω |A^{−1/4}u|^2 dist(x, ∂Ω) dx ≤ C ∫ Ω |u|^2 dx for u ∈ H. Hence, if u ∈ D(A^{1/4}), ∫ Ω |u(x)|^2 dx dist(x, ∂Ω) ≤ C ∫ Ω |A^{1/4}u|^2 dx.

Remark. It follows from Lemma 4.1 that ∫ Ω |A^αu|^2 dist(x, ∂Ω) dx ≤ C ∫ Ω |A^{α+1/4}u|^2 dx if u ∈ D(A^{α+1/4}). (4.2) Lemma 4.3 There exists a constant C such that |u|_4 ≤ C|A^{1/4}u|_2 for u ∈ D(A^{1/4}).

The constant C does not depend on Ω.

Proof. By Sobolev imbedding and a rescaling argument ‖u‖_L4_{(R}2_) ≤ C‖(−Δ)^{1/4}u‖_L2_{(R}2_) if (1 + |ξ|)^{1/4}û(ξ) ∈ L^2(R^2).

Let E be the extension operator defined by

Eu = u x ∈ Ω 0 x ∉ Ω. Then (−Δ)^{z/2}E : H^1_0 (Ω) → L^2(R^2) if Rez = 1, (−Δ)^{z/2}E : L^2(Ω) → L^2(R^2) if Rez = 0.

By interpolation, (−Δ)^{1/4}E : [H^1_0 (Ω), L^2(Ω)]_{1/2} → L^2(R^2) where [·, ·]_θ denotes the complex interpolation space (see [1]). Thus, if u ∈ D(A^{1/4}), ‖u‖_L4_{(Ω)} ≤ C‖(−Δ)^{1/4}Eu‖_L2_{(R}2_) ≤ C‖u‖_{[H}1_{0 (Ω),L}2_{(Ω)]1/2} ≤ C|A^{1/4}u|_L2_{(Ω)} where we have used D(A^{1/4}) = [D(A^{1/2}), H]_{1/2} ⊂ [H^1_0 (Ω), L^2(Ω)]_{1/2} in the last inequality.

We are now ready to estimate sup_{t≥t0 >0} |A^{1/4}v(t)|_2 where v(t) is a solution given in Theorem 3.13. By (3.4), ⟨ dv_m dt , A^{1/2}v_m ⟩ + ν⟨Av_m, A^{1/2}v_m⟩ + b(v_m, v_m, A^{1/2}v_m) +b(ψ, v_m, A^{1/2}v_m) + b(v_m, ψ, A^{1/2}v_m) = ⟨f̄, A^{1/2}v_m⟩ + b(ψ, ψ, A^{1/2}v_m). It follows that 1 2 d dt |A^{1/4}v_m|^2 + ν|A^{3/4}v_m|^2 ≤ |b(v_m, v_m, A^{1/2}v_m)| +|b(ψ, v_m, A^{1/2}v_m)| + |b(v_m, ψ, A^{1/2}v_m)| +|⟨f̄, A^{1/2}v_m⟩| + |b(ψ, ψ, A^{1/2}v_m)|. (4.4)

We have to estimate the right-hand side of (4.4) term by term.

First, by Hölder’s inequality and Lemma 4.3, |b(v_m, v_m, A^{1/2}v_m)| ≤ ∫ Ω |v_m| |∇v_m| |A^{1/2}v_m| dx ≤ |v_m|_4|∇v_m|_2|A^{1/2}v_m|_4 ≤ C|A^{1/4}v_m|_2|A^{1/2}v_m|_2|A^{3/4}v_m|_2 (4.5) ≤ ν 8 |A^{3/4}v_m|^2 + C ν |A^{1/4}v_m|^2|A^{1/2}v_m|^2.

Next, using (3.2) and Cauchy inequality, |b(ψ, v_m, A^{1/2}v_m)| ≤ ∫ Ω |ψ| |∇v_m| |A^{1/2}v_m| dx ≤ C‖φ‖_L∞_{(∂Ω)}|A^{1/2}v_m|^2 (4.6) ≤ C‖φ‖_L∞_{(∂Ω)}|A^{1/4}v_m|_2|A^{3/4}v_m|_2 ≤ ν 8 |A^{3/4}v_m|^2 + C ν ‖φ‖^2_L∞_{(∂Ω)}|A^{1/4}v_m|^2.

Similarly, by (3.2) and (3.3), |b(v_m, ψ, A^{1/2}v_m)| ≤ ∫ Ω |v_m| |∇ψ| |A^{1/2}v_m| dx

≤ C‖φ‖_L∞_{(∂Ω)} ∫ Ω |v_m(x)| dist(x, ∂Ω) |A^{1/2}v_m| dx ≤ C‖φ‖_L∞_{(∂Ω)}|A^{1/2}v_m|^2 (4.7) ≤ ν 8 |A^{3/4}v_m|^2 + C ν ‖φ‖^2_L∞_{(∂Ω)} · |A^{1/4}v_m|^2.

We now estimate |⟨f̄, A^{1/2}v_m⟩| by |⟨f, A^{1/2}v_m⟩| + ν|⟨F, A^{1/2}v_m⟩| ≤ |f|_2|A^{1/2}v_m|_2 + ν ∫ Ω |F | |A^{1/2}v_m| dx ≤ |f|_2 · |A^{1/2}v_m|_2 + c ν √ ε ∫ Ω |F | · |A^{1/2}v_m| dist(x, ∂Ω)^{1/2} dx ≤ |f|_2 · |A^{3/4}v_m|_2 λ^{1/4}_1 + c ν √ ε |F |_2 {∫ Ω |A^{1/2}v_m|^2 dist(x, ∂Ω) dx }_{1/2} (4.8) ≤ |A^{3/4}v_m|_2 { |f|_2 λ^{1/4}_1 + c ν √ ε |F |_2 }

≤ ν 8 |A^{3/4}v_m|^2 + C ν { |f|_2 λ^{1/4}_1 + ν √ ε |F |_2 }_2

where we used the fact supp F ⊂ {x ∈ Ω; c_1 ε ≤ dist(x, ∂Ω) ≤ c_2 ε} in the second inequality and Lemma 4.1 in fourth inequality.

Finally, we estimate |b(ψ, ψ, A^{1/2}v_m)|. By Propositions 2.13 and 2.14, |b(ψ, ψ, A^{1/2}v_m| ≤ ∫ Ω |ψ| |∇ψ| A^{1/2}v_m| dx ≤ C ‖φ‖_L∞_{(∂Ω)} {∫ Ω |∇ψ|^2 dist(x, ∂Ω) dx }_{1/2}

× {∫ Ω |A^{1/2}v_m|^2 dx dist(x, ∂Ω) }_{1/2} (4.9) ≤ C‖φ‖_L∞_{(∂Ω)}‖φ‖_L2_{(∂Ω)}|A^{3/4}v_m|_2 ≤ ν 8 |A^{3/4}v_m|^2 + C ν ‖φ‖^2_L∞_{(∂Ω)} ‖φ‖^2_L2_{(∂Ω)}.

Putting (4.4)-(4.9) together, we obtain d dt |A^{1/4}v_m|^2 ≤ |A^{1/4}v_m|^2 { C ν |A^{1/2}v_m|^2 + C ν ‖φ‖^2_L∞_{(∂Ω)} }

+ C ν { |f|_2 λ^{1/4}_1 + Cν √ ε |F |_2 }_2 + C ν ‖φ‖^2_L∞_{(∂Ω)}‖φ‖^2_L2_{(∂Ω)}.

It then follows from Gronwall’s inequality that

|A^{1/4}v_m(t)|^2 ≤ exp { ∫_t s { C ν ‖φ‖^2_L∞_{(∂Ω)} + C ν |A^{1/2}v_m|^2} dτ }

× { |A^{1/4}v_m(s)|^2 + C ν [ |f|_2 λ^{1/4}_1 + Cν √ ε|F |_2 ]_2

(t − s) (4.10) + C ν ‖φ‖^2_L∞_{(∂Ω)}‖φ‖^2_L2_{(∂Ω)}(t − s) } . We are now in a position to prove

Theorem 4.11 Let f, v_0 ∈ H and let v(t) be the unique solution of (3.1) given in Theorem 3.13. Suppose |v_0|_2 ≤ M. Then there exists a constant C = C(ν, Ω, φ, f, M)

such that sup t ≥^1_{νλ1} |A^{1/4}v(t)|_2 ≤ C. Proof. It follows from (3.11)-(3.12) that ν ∫_t s |A^{1/2}v_m(τ)|^2 dτ

≤ |v_0|^2 + C ν { |f|_2 √ λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2}‖φ‖^2_L∞_{(∂Ω)} }_2 { t − s + 1 νλ_1 } . Let t − s = 1/νλ_1. Then |{τ ∈ [s, t]; |A^{1/2}v_m(τ)|_2 > ρ}| ≤ 1 νρ^2 |v_0|^2 + C ν^2λ_1 [ |f|_2 √ λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2}‖φ‖^2_L∞_{(∂Ω)} ]_2 . This implies that, if we choose

ρ^2 = 2λ_1 { |v_0|^2 + C ν^2λ_1 [ |f|_2 √ λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2}‖φ‖^2_L∞_{(∂Ω)} ]} , then |{τ ∈ [s, t]; |A^{1/2}v_m(τ)|_2 > ρ}| ≤ 1 2λ_1ν .

It follows that, in any interval of length 1/(νλ_1), there exists τ such that

|A^{1/2}v_m(τ)|^2 ≤ ρ^2

= 2λ_1

|v_0|^2 + C ν^2λ_1 [ |f|_2 √ λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2}‖φ‖^2_L∞_{(∂Ω)} ]_2 . This, together with (4.10), (3.12) and |A^{1/4}v_m(τ)|_2 ≤ |A^{1/2}v_m(τ)|_2/λ^{1/4}_1 , gives sup t≥1/(νλ_1 ) |A^{1/4}v_m(t)|^2

≤ exp ( |v_0|^2 ν^2 + C ν^2λ_1

‖φ‖^2_L∞_{(∂Ω)} + C ν^4λ_1 [ |f|_2 √ λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2}‖φ‖^2_L∞_{(∂Ω)} ]_2

× 2 √ λ_1|v_0|^2 + C ν^2 √ λ_1 [ |f|_2 √ λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2}|φ|^2_L∞_{(∂Ω)} ]_2

+ C ν^2λ_1 [ |f|_2 λ^{1/4}_1 + ν ε ‖φ‖_L2_{(∂Ω)} ]_2 + C ν^2λ_1

‖φ‖^2_L∞_{(∂Ω)}‖φ‖^2_L2_{(∂Ω)}

where we also used |F |_2 ≤ C‖φ‖_L2_{(∂Ω)}/ε^{3/2} (Proposition 2.16). Thus we have shown that, if |v_0|_2 ≤ M, then sup t ≥ 1/(νλ_1 ) |A^{1/4}v_m(t)|_2 ≤ C(ν, Ω, φ, f, M). Now, suppose v_{mj} → v weakly in L^2((0, T ); V ). Since V → D(A^{1/4}) is compact, we conclude that there exists a subsequence, still denoted by {v_{mj} }, such that v_{mj} → v in L^2((0, T ); D(A^{1/4})) (see [5, Lemma 8.4]). Thus there exists another subsequence, still denoted by {v_{mj} }, so that v_{mj} (t) → v(t) in D(A^{1/4}) for a.e. t. It follows that sup t ≥ 1/(νλ_1 ) |A^{1/4}v(t)|_2 ≤ c(ν, Ω, φ, f, M).

Remark. For any t_0 ∈ (0,^1_{νλ1} ), one may estimate sup t_0≤t≤^1_{νλ1} |A^{1/4}v(t)|_2 by integrating (4.10) with respect to s over [t_0, t]. We omit the details.

5 The Existence and Dimension of the Universal Attractor

Let v(t) = S(t)v_0 denote the solution of (3.1). We say that A ⊂ H is a universal attractor for the semigroup { S(t) }_{t≥0} if A is a compact invariant set (S(t)A = A) which attracts the bounded sets of H.

Theorem 5.1 The semigroup S(t) : H → H possesses a universal attractor A.

Proof. To show that S(t) has a universal attractor, it suffices to find a compact set B which absorbs bounded sets of H. Then the universal attractor is given by A = ⋂ t≥0 S(t)B. (see [16, Chapter 1]).

Let B = {u ∈ D(A^{1/4}); |A^{1/4}u|_2 ≤ ρ} where ρ > 0 is to be determined later. Clearly B is compact in H. Let v_0 ∈ H and |v_0|_2 ≤ M. By (3.11) and a limiting argument,

|S(t)v_0|_2 ≤ C ν √ λ_1 { |f|_2 √ λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2}‖φ‖^2_L∞_{(∂Ω)} } = N

if t ≥ t_0(ν, Ω, φ, f, M)). It then follows from Theorem 4.11 that, if t ≥ t_0 + 1 νλ_1 , then |A^{1/4}S(t)v_0|_2 ≤ C(ν, Ω, φ, f, N). Finally, let ρ = C(ν, Ω, φ, f, N). We see that S(t)v_0 ∈ B if t ≥ t_0 + 1 νλ_1 . Hence, B absorbs any bounded set of H.

To estimate the dimension of the universal attractor A, we shall apply the abstract machinery in [16, Chapter 5]. To this end, we first need to show that S(t) is uniformly differentiable on bounded subsets of H. Let Rv = B(ψ, v) + B(v, ψ). (5.2)

Then the first variation equation of (3.1) can be written in the form dU dt + νAU + RU + B(S(t)v_0, U) + B(U, S(t)v_0) = 0 U(0) = ξ ∈ H. (5.3)

Note that, by (3.6)-(3.8). |⟨Rv, v⟩| ≤ ν 4 ‖v‖^2 for v ∈ V . (5.4)

Using (5.4) and the standard energy estimates, we may show that the linear equation (5.3) has a unique solution U ∈ L^2((0, T ); V ) ∩ C([0, T ], H) for any T > 0. For each t ≥ 0, v_0 ∈ H, we define the linear operator L(t, v_0) : H → H by

L(t, v_0) · ξ = U(t) (5.5)

where U(t) is the solution of (5.3).

Theorem 5.6 Let X be a bounded subset of H. Then

(i) sup_{v0∈X} ‖L(t, v_0)‖_{L(H)} ≤ Cexp(c_ν sup_{v0∈X} ∫_t 0 ‖S(τ)v_0‖^2 dτ), (ii) for any δ > 0, sup u_0, v_0 ∈ X 0 < |u_0 − v_0| < δ

|S(t)v_0 − S(t)u_0 − L(t, u_0) · (v_0 − u_0)|_2 |v_0 − u_0|_2

≤ C_ν δ exp { c_ν sup_{u0∈X} ∫_t 0 ‖s(τ)u_0‖^2 dτ } . In particular, S(t) is uniformly differentiable on X.

We remark that, with (5.4), Theorem 5.6 follows from the usual energy estimates exactly as in the classical case φ = 0 (see [16, Section 6.8]).

Our next result gives the estimate for the dimension of the attractor. Recall that G, the Grashof number and Re, the Reynolds number are defined in (1.10). Theorem 5.7 The Hausdorff and fractal dimensions of the universal attractor A for the semigroup S(t) are bounded by

c_1G + c_2 Re^{3/2} + 1 where c_1 and c_2 are scale invariant constants depending on Ω.

Proof. With Theorems 5.1 and 5.6 at our disposal we may apply the abstract framework in [16, Chapter 5].

For ξ_1, ξ_2, · · · , ξ_m ∈ H, let U_j (t) = L(t, v_0) · ξ_j where v_0 ∈ H. Let Q_m(τ) denote the projector from H to span{U_j(τ) : j = 1, 2, . . . , m}. Then ‖U_1(t) ∧ · · · ∧ U_m(t)‖_Λm_{(H)} = ‖ξ_1 ∧ . . . ∧ ξ_m‖_Λm_{(H)} exp ∫_t 0 Tr F^′(S(τ)v_0) ∘ Q_m(τ) dτ where F^′(S(τ)v_0) is the Fréchet differential of the operator F = −νA − R − B(·, ·) + f − B(ψ, ψ) at S(τ)v_0: F^′(S(τ)v_0) = −νA − R − B(S(τ)v_0, ·) − B(·, S(τ)v_0). (5.8) Let {φ_j(τ); j = 1, 2, . . . , m} be an orthonormal basis for span{U_j(τ); j = 1, 2, . . . , m}. Since U_j ∈ L^2(0, T ; V ), U_j (τ) ∈ V for a.e. τ. Hence φ_j(τ) ∈ V for a.e. τ. Note that

Tr F^′(S(τ)v_0) ∘ Q_m(τ) = m∑ j=1 ⟨F^′(S(τ)v_0)φ_j (τ), φ_j(τ)⟩ = m∑ j=1 { − ν‖φ_j (τ)‖^2 − ⟨Rφ_j(τ), φ_j (τ)⟩ −b(S(τ)v_0, φ_j(τ), φ_j (τ)) − b(φ_j (τ), S(τ)v_0, φ_j (τ) }

≤ − 3ν 4 m∑ j=1 ‖φ_j(τ)‖^2 + m∑ j=1 |b(φ_j (τ), S(τ)v_0, φ_j(τ))| where we used (5.4) in the inequality. The second term above is bounded by ∫ Ω m∑ j=1 |φ_j(τ)|^2|∇S(τ)v_0| dx ≤ ‖S(τ)v_0‖ |ρ(τ, ·)|_2 where ρ(τ, x) = m∑ j=1 |φ_j(τ, x)|^2.

By the vector valued Lieb-Thirring inequality, |ρ(τ, ·)|^2 ≤ C m∑ j=1 ‖φ_j(τ)‖^2. It follows that

Tr F^′(S(τ)v_0) ∘ Q_m(τ) ≤ − 3ν 4 m∑ j=1 ‖φ_j(τ)‖^2 + C‖S(τ)v_0‖ m∑ j=1 ‖φ_j(τ)‖^2 1/2

≤ − ν 2 m∑ j=1 ‖φ_j(τ)‖^2 + C ν ‖S(τ)v_0‖^2 ≤ − ν 2 m∑ j=1 λ_j + C ν ‖S(τ)v_0‖^2 ≤ − πν 2|Ω| m^2 + C ν ‖S(τ)v_0‖^2

where we have used the variational principle in the third inequality and m∑ j=1 λ_j ≥ πm^2/|Ω| in the fourth (see [8]).

Now, let

q_m(t) = sup_{v0 ∈ A} sup_ξ j ∈ H j = 1, 2, · · · , m { 1 t ∫_t 0 Tr F^′(S(τ)v_0) ∘ Q_m(τ) dτ } .

Then q_m(t) ≤ − πν 2|Ω| m^2 + C ν sup_v 0 ∈ A 1 t ∫_t 0 ‖S(τ)v_0‖^2 dτ. Hence, q_m ≡ lim sup t → ∞ q_m(t) ≤ − πν 2|Ω| m^2 + C ν · γ (5.9)

where γ = lim sup t → ∞ sup_v 0 ∈ A 1 t ∫_t 0 ‖S(τ)v_0‖^2 dτ. (5.10)

It follows from (5.9) and the general result in [16, Chapter 4] that the Hausdorff and fractal dimensions of the universal attractor are A bounded by C|Ω|^{1/2} ν γ^{1/2} + 1.

It remains to estimate γ defined by (5.10).

By (3.12) and a limiting argument, ν ∫_t 0 ‖S(τ)v_0‖^2 dτ ≤ |v_0|^2 + C t ν { |f|_2 √ λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2}‖φ‖^2_L∞_{(∂Ω)} }_2

where ε is defined in (3.7). It follows that γ ≤ C ν^2 { |f|_2 √ λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2}‖φ‖^2_L∞_{(∂Ω)} }_2 . Hence, dimA ≤ C|Ω|^{1/2} ν^2 { |f|_2 √ λ_1 + ν √ ε ‖φ‖_L2_{(∂Ω)} + √ ε |∂Ω|^{1/2}‖φ‖^2_L∞_{(∂Ω)} } + 1.

Since λ_1 ∼ 1/|Ω|, |∂Ω| ∼ |Ω|^{1/2} and ‖φ‖_L2_{(∂Ω)} ≤ |∂Ω|^{1/2}‖φ‖_L∞_{(∂Ω)}, we have dimA ≤ C|f|_2 ν^2λ_1 + 1 √ ε · C‖φ‖_L∞_{(∂Ω)} νλ^{3/4}_1 + √ ε · C‖φ‖^2_L∞_{(∂Ω)} ν^2λ^{3/4}_1 + 1 where the constants depend on the scale-invariant quantities |Ω|^{1/2}/|∂Ω| and (|Ω|λ_1)^{−1}.

Finally, by (3.7), √ ε ≤ C √ ν ‖φ‖^{1/2}_L∞_{(∂Ω)} and 1 √ ε ≤ C ‖φ‖^{1/2}_L∞_{(∂Ω)} √ ν + λ^{1/4}_1 . We obtain dimA ≤ C|f|_2 ν^2λ_1 + C‖φ‖^{3/2}_L∞_{(∂Ω)} ν^{3/2}λ^{3/4}_1 + C‖φ‖_L∞_{(∂Ω)} νλ^{1/2}_1 + 1 = C G + C Re^{3/2} + C Re + 1

≤ c_1G + c_2 Re^{3/2} + 1

where G = |f|_2 ν^2λ_1 and Re = ‖φ‖_L∞_{(∂Ω)} νλ^{1/2}_1 . The proof of the theorem is now finished.

A Appendix: The Stokes System in Two-dimensional Lipschitz Domains

In this appendix, we sketch the proof of Theorem 2.3. We will only indicate the modifications which are needed to carry over the arguments of Fabes, Kenig and Verchota [6] and Shen [12] to the two-dimensional case.

Let Γ(x) = (Γ_{jk}(x))_{1≤j,k≤2} be a matrix of fundamental solutions and P (x) = (P_1(x), P_2(x)) the corresponding pressure vector for the Stokes system in R^2 where

Γ_{jk}(x) = 1 4π { −δ_{jk} log |x| + x_j x_k |x|^2 }

P_i(x) = 1 2π · x_i |x| . (A.1)

Following [6], we use the method of layer potentials to solve the L^2-Dirichlet problem. The complication for the two-dimensional case comes from the fact that |Γ(x)| → ∞ as |x| → ∞. The problem can be solved easily by first restricting the density function to the subspace L^2_0(∂Ω) = { f ∈ L^2(∂Ω); ∫ ∂Ω f dσ = 0 } . Given f ∈ L^2(∂Ω), we define the single layer potential S(f)(x) = ∫ ∂Ω Γ(x − Q)f(Q) dσ(Q) (A.2) and the corresponding pressure q(x) = ∫ ∂Ω P (x − Q) · f(Q) dσ(Q). (A.3) Consider the conormal derivative on ∂Ω ∂u ∂ρ(Q) = ∂u ∂n(Q) − q(Q)n(Q) (A.4)

where n(Q) always denotes the outward unit normal to ∂Ω at Q.

Let Ω_+ = Ω and Ω_− = (Ω)^c. If u = S(f), then ∂u_± ∂ρ(Q) = ( ± 1 2 I + K ) f(Q) (A.5)

where ± indicate the nontangential limits taken from Ω_± respectively, and K is a bounded singular integral operator on L^p(∂Ω), 1 < p < ∞.

For f ∈ L^2(∂Ω), we define the double-layer potential u(x) = Kf(x) = ∫ ∂Ω ∂ ∂ρ(Q) {Γ(x − Q)}f(Q) dσ(Q). (A.6)

Then u_±(Q) = ( ∓ 1 2 I + K^∗ ) f(Q) (A.7) where K^∗ is the adjoint operator of K in (A.5).

Let R denote the orthogonal complement to the kernel of − 1 2 I + K. To show the existence of solutions to the L^2-Dirichlet problem, it suffices to prove that − 1 2 I + K^∗ : R → L^2_n(∂Ω) = { f ∈ L^2(∂Ω); ∫ ∂Ω f · n dσ = 0 }

is invertible. By duality, it is enough to show that − 1 2 I + K is invertible from L^2_n(∂Ω) to a subspace of L^2(∂Ω) of codimension one.

Proposition A.8 The operator − 1 2 I + K : L^2_n(∂Ω) → L^2(∂Ω) is one-to-one.

Proof. Suppose f ∈ L^2_n(∂Ω) and ( − 1 2 I + K ) f = 0. Let u = S(f) be the single layer potential defined by (A.2). Then ∂u_− ∂ρ = ( − 1 2 I + K ) f = 0 a.e. on ∂Ω.

Since f = ∂u_+ ∂ρ − ∂u_− ∂ρ and ∫ ∂Ω ∂u_+ ∂ρ dσ = 0, we obtain ∫ ∂Ω f dσ = 0. This implies that u(x) = ∫ ∂Ω {Γ(x − Q) − Γ(x)}f(Q) dσ(Q) → 0 as |x| → ∞. (A.9) It then follows from the divergence theorem and a limiting argument that ∫ Ω_− |∇u(x)|^2 dx = − ∫ ∂Ω ∂u_− ∂ρ u dσ = 0. Hence u = constant in Ω_−. But u(x) → 0 as |x| → ∞, thus, u ≡ 0 in Ω_−. The rest of the proof is the same as in [6, Lemma 2.1]

Proposition A.10 The operator − 1 2 I + K : L^2(∂Ω) → L^2(∂Ω) has a closed range.

Proof. It is not hard to check that the formulas (1.2)-(1.7) in [6] hold when d = 2

except − ∫ Ω_− |∇u|^2 = ∫ ∂Ω ∂u_− ∂ρ u dσ, (A.11) if u = S(f) and f ∈ L^2(∂Ω). As we see in the proof of Proposition A.8, (A.11) holds

if we assume f ∈ L^2_0(∂Ω). Thus, by Lemma 1.17 in [6], if f ∈ L^2_0(∂Ω),

‖f‖_L2_{(∂Ω)} ≤ ‖ ‖ ‖ ‖ ∂u_+ ∂ρ ‖ ‖ ‖ ‖_{L2(∂Ω)} + ‖ ‖ ‖ ‖ ∂u_− ∂ρ ‖ ‖ ‖ ‖_{L2(∂Ω)} ≤ C ‖ ‖ ‖ ‖ ∂u_− ∂ρ ‖ ‖ ‖ ‖_{L2(∂Ω)} + | | | ∫ ∂Ω u dσ | | | + |q(0)| = C {‖ ‖ ‖ ‖ ( − 1 2 I + K ) f ‖ ‖ ‖ ‖_{L2(∂Ω)} + | | | | ∫ ∂Ω u dσ | | | | + |q(0)| }

where we have assumed 0 ∈ Ω. This, together with the fact that L^2_0(∂Ω) is a subspace

of L^2(∂Ω) of codimension two, implies that the range of − 1 2 I +K is closed, by a rather

standard argument.

We are now ready to give the

Proof of Theorem 2.3. Given φ ∈ L^2_n(∂Ω), the existence and uniqueness of the solu-

tion (u, q) satisfying (2.2) and (u)^∗ ∈ L^2(∂Ω) follow from Propositions A.8 , A.10 and

an approximation argument as in [6]. We remark that the uniqueness also follows

from the estimate ∫ Ω_j |u|^2 dx ≤ C ∫ ∂Ω_j |u|^2 dσ (A.12)

where {Ω_j } is a sequence of smooth domains approximating Ω. (A.12) can be estab-

lished by using Rellich identities in a manner similar to the proof of Lemma 5.1.14 in

[11].

The proof of the square function estimates, ∫ Ω |∇u(x)|^2 dist(x, ∂Ω) dx + ∫ Ω |q(x)|^2 dist(x, ∂Ω)dx ≤ C ∫ ∂Ω |u|^2 dσ, is the same as in the higher dimensional case (see e.g. [2]).

Finally we show sup_{x ∈ Ω} |u(x)| ≤ C‖φ‖_L∞_{(∂Ω)}. (A.13)

The estimate sup_{x ∈ Ω} |∇u(x)| dist(x, ∂Ω) ≤ C‖φ‖_L∞_{(∂Ω)} follows easily from (A.13) and the standard interior estimates.

Since (A.13) is dilation invariant, we may assume diam Ω = 1. Given z ∈ Ω, we wish to show that |u(z)| ≤ C‖φ‖_L∞_{(∂Ω)}. (A.14) Let r = dist(z, ∂Ω). We introduce another matrix of fundamental solutions ~Γ(x) = (~Γ_{jk}(x))_{1≤j,k≤2} where

~Γ_{jk}(x) = 1 4π { −δ_{jk} log ( |x| r ) + x_j x_k |x|^2 } . (A.15)

We construct the matrix Green’s function G(x, y) and the corresponding pressure vector (π^x(y)) where G(x, y) = ~Γ(x − y) − v^x(y) π^x(y) = P (x − y) − q^x(y), (A.16)

and, for each x ∈ Ω, (v^x(y), q^x(y)) is the matrix-valued solution to the L^2 Dirichlet problem (2.2) with boundary data v^x(Q) = ~Γ(x − Q) on ∂Ω.

Since u(x) = ∫ ∂Ω ∂G ∂ρ(Q) (x, Q)φ(Q) dσ(Q), for x ∈ Ω, and φ ∈ L^2_n(∂Ω), (A.14) follows from ∫ ∂Ω | | | | ∂G ∂ρ(Q) (z, Q) − π^z(x_0)n(Q) | | | | dσ(Q) ≤ C (A.17) for some x_0 ∈ Ω.

Let Q_0 ∈ ∂Ω such that |z − Q_0| = dist(z, ∂Ω) = r. The proof of ∫ |Q − Q_0| ≤ 30r Q ∈ ∂Ω

| | | | ∂G ∂ρ(Q) (z, Q) − π^z(x_0)n(Q) | | | | dσ(Q) ≤ C (A.18) is exactly the same as in [12, p.807].

By the proof of Lemma 1.7 in [12], we have ∫ R ≤ |Q − Q_0| ≤ 2R Q ∈ ∂Ω

| | | | | ∂G ∂ρ(Q) (z, Q) − π^z(x_0)n(Q) | | | | | dσ(Q) ≤ C ( r R )_{1/2} (A.19)

for R ≥ 30r if we can show ∫ |Q − Q_0| ≥ 10r Q ∈ ∂Ω |(G(z, ·))^∗(Q)|^2dσ(Q) ≤ C r. (A.20)

(A.17) follows easily from (A.18)-(A.19) by summation.

To see (A.20), we apply the L^2-estimate on the domain Ω \ B(Q_0, 4r) = {x ∈ Ω; |x − Q_0| > 4r}. We obtain ∫ |Q − Q_0| ≥ 10r Q ∈ ∂Ω |(G(z, ·))^∗(Q)|^2dσ(Q) ≤ C ∫ Ω∩∂B(Q_0,4r) |G(z, Q)|^2 dσ(Q) (A.21)

≤ C ∫ Ω∩∂B(Q_0,4r) |~Γ(z − Q)|^2 dσ(Q) + C ∫ Ω∩∂B(Q_0 ,4r) |v^z(Q)|^2 dσ(Q) since G(z, ·) = 0 on ∂Ω. By (A.16), ∫ Ω∩∂B(Q_0,4r) |~Γ(z − Q)|^2 dσ(Q) ≤ C r. Using |v^z(Q)| = |~Γ(z − Q)| ≤ C for Q ∈ ∂Ω ∩ ∂B(Q_0, 4r), we get ∫ Ω∩∂B(Q_0,4r) |v^z(Q)|^2 dσ(Q) ≤ C r + C r^2 ∫ Ω∩∂B(Q_0,4r) |∇_Qv^z(Q)|^2dσ(Q) ≤ C r + C r^2 ∫ ∂Ω |(∇v^z)^∗|^2 dσ ≤ C r + C r^2 ∫ ∂Ω |∇v^z|^2 dσ ≤ C r + C r^2 ∫ ∂Ω |∇_{tan}v^z|^2 dσ

where ∇_{tan}v^z denotes the tangential derivative of v^z on ∂Ω and the last inequality follows from Lemma 1.10 (i) and Lemma 1.16 (i) in [6].

Since v^z(Q) = ~Γ(z − Q) on ∂Ω, we conclude that ∫ |Q − Q_0| ≥ 10r Q ∈ ∂Ω |(G(z, ·))^∗(Q)|^2 dσ(Q) ≤ C r + C r^2 ∫ ∂Ω |∇_{tan}v^z|^2 dσ(Q)

≤ C r + C r^2 ∫ ∂Ω |∇_Q ~Γ(z − Q)|^2 dσ(Q) ≤ C r + C r^2 ∫_∞ c r dt t^2 ≤ C r. (A.20) is then proved. The proof of Theorem 2.1 is complete.

References

[1] J. Bergh and J. Löfström, Interpolation spaces, Springer-Verlag, 1976.

[2] R. M. Brown and Z. Shen, Estimates for Stokes operator in Lipschitz domains, Ind. U. J. Math. 44 (1995), 1183–12 06.

[3] P. Constantin and C. Foiaş, Global Lyapunov exponents, Kaplan-Yorke formulas and the dimension of the attractors for 2D Navier-Stokes equations, Comm. Pure Appl. Math. 38 (1 985), no. 1, 1–27.

[4] P. Constantin, C. Foiaş, and R. Temam, On the dimension o f the attractors in two-dimensional turbulence, Phys. D 30 (198 8), no. 3, 284–296.

[5] P. Constantin and C. Foiaş, Navier-Stokes equations, Chicago Lectures in Mathematics, University of Chicago Press, Chica go, IL, 1988.

[6] E.B. Fabes, C.E. Kenig, and G.C. Verchota, The Dirichlet prob lem for the Stokes system on Lipschitz domains, Duke Math. J. 57 (1988), 769–793.

[7] C. Foias and R. Temam, Some analytic and geometric properties o f the solutions of the evolution Navier-Stokes equations, J. Math. P ures Appl. (9) 58 (1979), no. 3, 339–368.

[8] A. A. Ilyin, Attractors for Navier-Stokes equations in doma ins with finite measure, Nonlinear Anal. 27 (1996), no. 5, 605–61 6.

[9] A. Miranville and X. Wang, Upper bound on the dimension of th e attractor for nonhomogeneous Navier-Stokes equations, Discrete Contin. Dynam. Systems 2 (1996), no. 1, 95–110.

[10] M. Reed and B. Simon, Methods of modern mathematical physics. I. Functional analysis, Academic Press, New York, 1972.

[11] Z. Shen, Boundary value problems for parabolic Lamé systems and a nonstationary linearized system of Navier-Stokes equations in Lipschitz cylinders, Amer. J. Math. 113 (1991), 293–373.

[12] Z. Shen, A note on the Dirichlet problem for the Stokes sys tem in Lipschitz domains, Proc. Amer. Math. Soc. 123 (1995) , no. 3, 801–811.

[13] E.M. Stein, Singular integrals and differentiability properties of functions, Princeton University Press, Princeton NJ, 1970.

[14] E.M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton University Press, 1971.

[15] R. Temam, Navier-Stokes equations. Theory and numerical ana lysis, North- Holland Publishing Co., Amsterdam, 1977, Studies in Mathemati cs and its Applications, Vol. 2.

[16] , Infinite-dimensional dynamical systems in mechanics an d physics, second ed., Applied Mathematical Sciences, vol. 68, Springer-Verlag, New York, 1997.

February 4, 2000