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1 Introduction
Consider a parabolic operator D; + L on R" x (0,00), n > 2, where

L= Y (=1)"a.,sD*D"
la|=|Bl=m
is an elliptic operator of order 2m, m > 2, on R". We assume that L has real, constant

coefficients and, without loss of generality, we may assume that the coefficients satisfy

the symmetry condition

Gop = AFa- (11)

The operator is elliptic which means that there is a constant £ > 0 so that
aapl™E" > B, € e R (1.2)

To simplify the notation, we assume that the indices o and 3 appearing in the operator

are summed.



Our main interest is the initial-Dirichlet problem
(D + Du(X,t) =0, XeQt>0
Du(Q,t) = o (Q, 1), o <m—1, Q€N t>0 (1.3)
u(X,0) =0, X e Q.
The domain € is the region above the graph of a function, 2 = {X,, > ¢(X')} with
¢ : R™!' — R a Lipschitz function satisfying [|[V¢||r~ < M. Here and below, we
write X € R" as (X', X,,) € R"™! X R when we need to distinguish the last variable.
We let Sp = 90 x (0,T) denote the lateral boundary of the cylinder © x (0,7"). We

let A be a fractional time derivative given by

AF(Q,7) = (in)*" f(Q, )

where " indicates the partial Fourier transform in the time variable (see section 6 for
a more detailed definition of the operator A).

Now we define spaces on S, from which we will take boundary data. Note that
the functions ¢, in (1.3) cannot be specified arbitrarily. In fact, the array of functions
must satisfy compatibility conditions which guarantee that they arise as derivatives
of a single function. It seems simplest to use this as the definition of our spaces of
boundary data. Thus, if ¢» € C5°(R™ x (0,00)) we let ;/7 = (¢4 : |a] < k) denote the
array of partial derivatives in the spatial variables, X, where ¢, = D%|s_. We call
;/7 the Whitney array of order k generated by ). We define a norm on this space by

H%/;H%mi(sm) = Z ’\Aj¢a’\%2(soo)-
jtlal=k
Finally, we let W A3(S.,) be the Hilbert space obtained by taking the closure, in this
norm, of the arrays generated by smooth functions.

Next, we define a space WA'(S.,) which is the closure of the arrays (D%|s,, :

la| < k) for ¢ € C(R™ x (0,00)) in the norm
H%/’Hwﬁ L(Sa) — Z HAj%Hﬁyl(sm)

Jtlal=k
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where the norm on L#*(S..) is given by

1635y = [ [ IV 20(Quo) + 1A(Q, ) dQds.

Here, V7 is the tangential component of the spatial gradient. Since we require ¥ to
vanish at ¢t = 0, it is easy to see that we have defined a norm and not a semi-norm.
These spaces are straightforward generalizations of the arrays used by Greg Verchota
[25] to study solutions of the Dirichlet problem for the polyharmonic equation in
a Lipschitz domain. To see why these spaces are used, we recall that the standard
formulation of the Dirichlet problem allows us to specify u and the normal derivatives
up to order m — 1. If we take the top order normal derivative 9™ 'u/ON™""! from
L*(S.) then the jth normal derivative should have m — 1 — j spatial derivatives in
L*(S.). However, there is no straightforward way to define second and higher order
Sobolev spaces on the non-smooth (Lipschitz) surface S... In order to overcome this
problem, we use the formulation (1.3) of the initial-Dirichlet problem and the spaces
of Whitney arrays.

For a smooth function u, we let V/u be the expression

| 1/2
L|Dau(x,t)|2) .

Viu(X,t) = (Z o

ov|=3
As usual, for a multi-index «, a! is defined as aqlas!. .. a,!. Our estimates for solu-

tions will be given using a parabolic maximal function. To define this, we let
Tg(Pt)={(Y,s):|[Y =Pl +[t—s|"? <(1+5)5(Y), Y €Q0<s<t}

denote the parabolic approach region with vertex at (P,¢). Then for v on © x (0, o),

we define the parabolic maximal function

v'(Pt) = sup  |o(Y,s)l, (P,t) € Seo.
(Y,s)el' g(Pit)

We will assume that (3 is sufficiently large so that {(P + se,,t) : s > 0} C I'g(P,1).

The constants in our estimates may depend on (3. Since € is a Lipschitz graph domain,
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it is easy to see that this can be done with 3 depending only on M, the Lipschitz
constant for ¢. Finally, we will define restriction to the boundary in the parabolic

sense: DYu = f, on Sy means that

Jim, D) = £(Qu0)

X els(@Q)

almost everywhere with respect to surface measure on S7. With these definitions, we

can give our main results.

Theorem 1.4 Let L be an elliptic operator of order 2m and Q a Lipschitz graph
domain. Then for each @E € WA? _[(S5.), the initial-Dirichlet problem (1.3) has a
solution satisfying
V" ) 1250y < Cllellwaz,_ (s.0)
and the functions D%u, |a| < m — 1 have nontangential limits a.e. on S.,. Further-
more, if (V™ tu)* € L*(Qr) for some T > 0 and D*u = 0 on St for |a| < m — 1,
then u =0 in Qr.
If the data lies in WA?rzl_l(Soo), then the solution satisfies

IV 0 a5 < C vz 5.

and the functions D%u, |a| < m, have parabolic limits a.e. on S..,. Furthermore, if
(V™ u)*||22(sp) < 00, for some T >0, and D*u = 0, on St for |af < m — 1, then
u=0 1in Qr.

The constants in each of these estimates depend only on M, the Lipschitz constant,
0B the constant appearing in the definition of the approach region, £, m, n and an
upper bound for the coefficients.

Both parts of this theorem give estimates for what is usually called the initial-
Dirichlet problem. In recent work, the first problem: given @Z € WA2_,(Sw), find
u with (V™ tu)* € L*(S,,) has come to be called the Dirichlet problem. The sec-
ond problem: given @E € WA2' (S.), find u with (V™u)* € L*(S..), is called the

regularity problem. We will use this terminology below.
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There is a long history of boundary value problems on Lipschitz domains. The
fundamental papers were due to B. Dahlberg [7] and D. Jerison and C. Kenig [13]
who established the L?-estimates for the Dirichlet, regularity and Neumann problems
for Laplace’s equation. Boundary value problems for higher-order elliptic equations
were studied first by Dahlberg, Kenig and Verchota [5] who consider the Dirichlet
problem for the bi-harmonic equation. This was extended to higher powers of the
Laplacian by G. Verchota [25]. An important breakthrough was achieved by Pipher
and Verchota [22] whose boundary Garding inequality allowed them to attack 2mth
order operators directly rather than using the induction scheme developed by Verchota
to study powers of the Laplacian. A theory for higher order parabolic equations was
begun by the first author in collaboration with Shen [3]. Earlier work on second
order parabolic equations is due to Fabes and Salsa [9] and the first author [2]. The
parabolic system associated to Maxwell’s equation has been studied in [18]. D. Mitrea,
M. Mitrea and J. Pipher have also studied scattering theory for Maxwell’s equations
[17, 19]. This involves equations with complex lower order terms as we study below.

Following the work of Brown and Shen, most of our effort will be spent studying

the elliptic Dirichlet problem
{Lu—l—iTu:O, in
Du(Q) = fu(Q), |a|<m—1, Q€N

where 7 € R is a parameter. Of course, this boundary value problem arises by
applying the Fourier transform in the time variable. By rescaling (and taking the
complex conjugate if 7 < 0) we may assume that 7 = 1. Thus we are led to proving
estimates for the Dirichlet problem for the operator L + :. While this appears to
be a trivial modification of Pipher and Verchota’s results, who studied the Dirichlet
problem for the operator L, the additional term 7 introduces new difficulties which
cannot be treated by Pipher and Verchota’s techniques. In particular, since we will
need to rescale to obtain all real values of 7, we cannot view the term involving 7 as just

a lower order perturbation. Our interest in scale-invariant estimates also motivates



considering graph domains. These domains provide a simple class of domains which
is invariant under rescaling.

The work reported here is an extension of Wei Hu’s thesis [12]. In particular,
the main estimates of this paper and the treatment of regularity problem are taken
directly from Hu’s thesis [12]. The extension to the Dirichlet problem is new. The
outline of this paper is as follows. Sections 2-5 study the boundary value problem for
the elliptic equation L +17. The last section, section 6 gives the additional arguments
needed to obtain results for the parabolic problem.

Finally, throughout this paper, we assume that constants may depend on the
operator through its ellipticity constant, F, bounds for the coefficients and its order
and that constants may depend on the Lipschitz constant for the function whose
graph defines the domain. Also, constants may depend on the parameter [ defining

the approach region. All other dependencies will be denoted explicitly.

2 Estimates for solutions of (L +i)u = 0.

Throughout this section, we assume that € is a Lipschitz graph domain. The operator
L is an operator with constant coefficients satisfying the symmetry condition (1.1)
and the ellipticity condition (1.2).

We suppose that v is a smooth solution to (L + ¢)u = 0 and there is a number

e > 0 so that for each multi-index «, there is a constant (', so that
|Du(X)| < CL el (2.1)

In Lemma 2.5 we will show that for certain smooth graph domains, the solution of
the Dirichlet problem exists and satisfies these estimates. Our main goal here is to
derive a priori estimates.

An important tool in studying solutions of the equation (L + ¢)u = 0 is the
fundamental solution

I(X) =

1 \
i+ Z%ﬁf“ﬁﬁ]
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where the inverse Fourier transform must be understood in the sense of tempered
distributions. We note the following estimates for I' which may be proven using

standard arguments (or see the second author’s thesis [12]). If 2m —n — |a| < 0, then

for each N >0,

CozN
DT(X)| < ’ . 2.2
| ( )| = |X||a|+n—2m(1_|_ |X|)N ( )
If 2m —n — |a] = 0, then for each N > 0,
N CaN 1
If 2m —n — |a| > 0, then for each N > 0,
C
DI(X)| < ———r. 2.4

We now sketch a simple argument to show that we can solve the Dirichlet problem
in smooth domains. If this Lemma is of interest, it is because we are working in
unbounded domains. We say {2 is a smooth graph domain if 2 = {X,, > qb(X/)} and
|1D%®||co < Ca, |a] > 1. One can easily see that if we regularize a Lipschitz function

¢, the regularizations define a smooth graph domain.

Lemma 2.5 Let Q be a smooth graph domain. Then for each ¢ € C5°(R"), there

exists a unique w € H™(Q) with

{ u—1 e H"(Q) (2.6)

Lu+1u=0.

Furthermore, there exvists € > 0 so that for each multi-index «, there exists C' =

C(a, ) for which we have
|D°u(X)| < Cem ¥l X Q. (2.7)

Proof We first claim that on any bounded domain 2, there exists ¢ > 0 so that the
solution to (2.6) satisfies

/QeE|X|(|u(X)|2 V(X)) P) dX < C(). (2.8)
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To see this, observe that for each 5 = 1,...,n, choice of + or —, and ¢ small, the

operator

(Lic +1i) = X9 (L +i)eFT

induces a coercive bilinear form on H;*(2) . Thus we can apply the Lax-Milgram

theorem to conclude that e*Xs (u(X) — (X)) € H5 () and we have the estimate

[ 5 () = S 4+ 197 (0(X) S AX € C [ (L + (X)X,
(2.9)
Note that the constant in this estimate depends only on the ellipticity constant and
not on the domain. The estimate (2.8) follows easily from (2.9). Now we can apply
(2.8) on a sequence of bounded domains Qp = {X, > qb(X/)} N Br(0) and conclude
that the estimate (2.8) holds on a graph domain. (This does not require 92 to be
smooth.)
Finally, the pointwise estimates (2.7) follow from the L*-estimates and standard

elliptic regularity theory. This, of course, uses that the boundary is smooth. 1

Our first result is taken from Pipher and Verchota and provides an estimate for
the nontangential maximal function of a solution in terms of its Cauchy data on the

boundary.

Proposition 2.10 Suppose § is a Lipschitz graph domain and that u is a solution
of (L +1)u =0 inQ, satisfying (2.1) then we have the estimate

2m—1 2m—1
DIV u)rzen) < C Y IV ullr2 a0
7=0 7=0

where C' depends on E, M and an upper bound for the coefficients.

For the proof below and throughout this paper, we adopt the convention that
DiuD*w denotes a sum of the form D lal=4 5 |=k Cos(X)D*uD%w. We use this to
keep track of the order of differentiation when the exact form of the expression is

unimportant. We continue to use D for spatial derivatives where « is a multi-index,
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and D¥ for derivatives with respect to X,,. In section 6, when we return to the study

of the parabolic problem, D¥ will denote derivatives with respect to time.

Proof We give the estimate for (V2" !u)* and leave it to the reader to adapt the
argument to the easier task of estimating the lower order derivatives. We let v and ¢

be multi-indices of length |y| = m — 1 and |§| = m. We begin with the expression
I = / o3 D DT(X — Y)DP Dou(Y) dY.
Q

In this expression, we first integrate by parts to interchange D? and D7. If we
alternately move one of the differentiations in D? to the first term and then take one
of the differentiations in D” to the second term, we always obtain a boundary term

involving D*™~I" and D?™~1u. Thus we conclude that
I = (—1)m—1/ LT(X — V) D u(Y)dY
Q

+[ DI - QD (Q) do(Q),

where of course LI must be interpreted as a distribution. In a similar way, we can

interchange the D and D’ derivatives and obtain
I = (—1)m/ DEDIT(X — Y)Lu(Y)dY
Q

+ 89Dzm_ll“()( — QD™ u(Q) dQ.

Now we equate these expressions, use that Lu 4 ¢u = 0, and that LI' + iI' = dx, the

delta measure, to obtain
DY Fou(X) — @/ wW(Y)D'PT(X = Y) — (=1)* ' I(X = Y) D" u(Y)dY
Q

= /|, D" ID(X — Q)D* ' (Q)dQ. (2.11)

If we integrate the derivative DY by parts we obtain that the remaining integral in

) is equal to a boundary potential

/Qu(y)m”r(x —Y) = (1) IN(X = Y) D" Pu(Y)dY

2m—2

_ /89 Y- Du(@DPINX — Q) dQ. (2.12)
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Thus, from (2.11) and (2.12) we obtain the representation formula

2m—2

D¥u(X) = [ 3 D@D X - Q)

+D* I (X — QYD M u(Q) dQ. (2.13)
We have represented u using two types of potentials on the boundary. The first is

Tour f(X) = [ D™ T(X — Q)f(Q)dQ

o0

and by the L?-boundedness of the Cauchy integral on Lipschitz curves [4], one obtains
(Tom—-1f) 2209 < 1 fllz2002)- (2.14)

The second type of potential is:
) = [ DX - QUIQ)dQ, 0< < m—2 (2.15)

By the estimates for the fundamental solution (2.2), (2.3) and (2.4), it is easy to show
that the potential in (2.15) satisfies

(T30)"(P) < CM(f)(P)
where M is the Hardy-Littlewood maximal function. Hence, we have LP-estimates
(L5 1) [roe < Cpll flleragy, 1<p<oo, j=0,...,2m—2. (2.16)

The estimate of our proposition follows if we use the estimates (2.14) and (2.16)
for the potential operators to estimate the nontangential maximal function of the

right-hand side of the representation formula (2.13). 1

3 Rellich inequalities
In this section, we consider a solution of (L + ¢)u = 0 and define integrals of u by
u_p(X', X,) = —/ up (X', t)dt, and uy = u.
Xn
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Note that if u is a solution satisfying (2.1), then u_j, also satisfies (2.1).
Our goal is to show that if u is a solution to the Dirichlet problem with data ;/7,

then we have

2m—1

Yo IV ucnleeey < Cllitllwa:,_, on) (3.1)
7=0

2m—1 ] .

S IViamlon < Cldhes oo 32)
7=0

Our route to these estimates is not direct. Following Pipher and Verchota, we prove
such estimates using an integration by parts argument which is a natural extension
of the Rellich identity. These arguments involve the quadratic form for the operator,
aopD?uDPu, integrated over the boundary. As is well-known, for higher order elliptic

operators, we do not necessarily have the pointwise bound
aos D u(X)D a(X) > C|V™u(X)|?

(this always holds if m = 1). Thus it is nontrivial to obtain estimates for V™ in terms
of a,pD*uDPu. The first estimate we will use is the boundary Garding inequality of
Pipher and Verchota [22]. Note that this inequality is just a statement about smooth
functions on 9. In the theorem below, u does not need to solve a partial differential
equation. In the next theorem and below, N, denotes the last component of the unit
outer normal to the boundary 9. A key feature of Lipschitz graph domains is that

there exists a positive number ¢ so that 0 < § < —N,(Q) <1 a.e.

Theorem 3.3 (Pipher and Verchota). Let u be a smooth function satisfying (2.1).

Then we have

[N u@PdQ <€ [ ausDu(Q)D a(@)(=Nu(Q) + [V Dyl Q) dQ.

This estimate, and a suitable induction scheme, allow us to exchange general
derivatives for D, derivatives on the right-hand side of (3.1) and (3.2), provided we

can obtain estimates for / aosD*uDPu. We give a Lemma which provides the first
29
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step in estimating the quadratic form. After this Lemma, we make a few remarks
indicating why the operator L + i is substantially different from the operator L that
was treated by Pipher and Verchota.

In this Lemma and below, we use D7 D’u for expressions which are sums of terms

of the form a(Q) - VD%u where the vector field a(Q)) satisfies a(Q)- N(Q) =0 and «

is a multi-index of length j.

Lemma 3.4 Let (L+i)u = 0 in a Lipschitz graph domain and assume that u satisfies
(2.1). If v is a multi-index of length m — 1, then we have

| asD” DT u(Q)D D a( Q) (=N, (Q)) dQ
= | D" DTDw(Q)D u(Q) dQ (35)
(-1 Re/QDMDnu(X)m(X) X

and

| @sD° DTu(Q)D D5 Q) (=N Q) dQ
= [ D QDD D Q) dQ (3.6)
(-1 Re/Qiu(X)DMDnu(X) dX.

Proof To prove both identities, we begin with the form on the boundary and apply

the divergence theorem to obtain
[ ausD" D u(Q)D" D a(Q)(~No(Q)) dQ
_ 9 Re/ 05D D" Dyu(X)DP D7 a(X) dX. (3.7)
Q
We may integrate by parts in two different ways in this integral to obtain the two
identities (3.5) and (3.6). First, we establish (3.5).

If we integrate by parts to exchange the D derivative on uw and the D" derivative

on u (see [22, §3] or the proof of Proposition 2.10), we obtain
/aaﬁDaD”Dnu(X)DﬁD”a(X) X
Q
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- (—1)7”‘1/QD27Dnu(X)Lu(X) dX (3.8)

+ [ D"TDYD,u(@) DM Q) dQ.

We substitute Lu = iu , in (3.8) and then (3.5) follows from (3.7) and (3.8).
To establish (3.6), we return to the integral over 2 in (3.7). This time, we integrate
by parts to exchange the D”-derivative on u with the D7D, derivative on u. This

gives
/aaﬁDaD”Dnu(X)DﬁD”a(X) X
Q
_ (_1)m/ Lu(X)D¥' D, a(X) dX (3.9)
Q

+ [ D" T(Q)D D DTa(Q) dQ.

Note that when we interchange derivatives of the same order, we obtain a tangential
derivative in the boundary term (see [22, §3]). When the order of differentiation is

one, this is clear since
/ DiFD;G — D, FD;GdX = / F(N:D;G — N;D:G) dQ
Q o9

and it is easy to see that NV;D; — N;D; is a tangential derivative. When the order of
differentiation is greater than one, we can use induction to see that we still obtain
one tangential derivative. Thus (3.6) follows if we use the equation Lu = —iu in (3.9)

and substitute the result into (3.7). ]

The main new contribution of this paper is to provide estimates for the integral
over {1 in the identities (3.5) and (3.6). We remark that if u satisfies (L + 1)u = 0,

then the above argument gives
[ (D" (@)D D75(Q) + 1D7(Q)F) (- V(@) dQ
— /mpm—lu(cg)pm—lmpna(cg) + mz__j D'u(Q)D™ D7 D, u(Q) dQ.

This leads to a proof of (3.1) and (3.2) for solutions of the equation (L+1)u = 0. This

is not the case for the non self-adjoint operator L +:. It is interesting to compare this
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with the work of Verchota and Vogel [24] who study general second order equations
including non-self adjoint equations. They have also found that the study of non-self
adjoint equations is more interesting than the self-adjoint case because there is no
Rellich identity. Instead, we must prove estimates.

Before continuing with the hard work of estimating the integral over £ in (3.5) and
(3.6), we give some elementary estimates for solutions of (L +i)u = 0. We begin with
a mean-value inequality. The key feature here is that the constant in this inequality

decays rapidly with respect to the radius R. We will use 5 f to denote the average
B e

Lemma 3.10 Suppose (L + i)u = 0 in a ball Br(Xo), then for each multi-index o

and N > 0, there exists a constant C,, y so that

Coz,N

Dou(X, <—7[ Y)|dY.

(3.11)

Proof We first give the proof in the case 2m —n < 0 and then we have the estimate
(2.2) for the fundamental solution I'(X'). We pick a cutoff function n(X) with n =1
on Br/y(Xo), n is supported in Br(Xo) and 5 satisfies the natural estimates |D%n| <
C,R71°l. Using the fundamental solution to represent nu and then differentiating

with respect to X gives
Dou(X) = /B oy DT = VUL 4 8)Ou)(Y) Y, X € Brps(Xo)
R

Since (L +1)u =0 and D*n = 0 in Bprjs(Xo), we may integrate by parts to move all

derivatives to n and I' and obtain

% Din(Y)D# =+l (X — V)u(Y) dY.

i=1

Du(X) = /
u(X) Br(Xo)\Br/2(Xo)

The estimate (3.11) follows using estimates (2.2) for derivatives of T'.
The case 2m —n > 0 may be deduced from the case already considered by adding
artificial variables 7 and viewing u as a solution of (L + AQZm +¢)u = 0. We omit the

details. 1
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Using the mean value inequality (3.11), we obtain two estimates relating the L*-

norm of u and its derivatives on f).

Lemma 3.12 Suppose u is a solution of (L +i)u = 0 in a Lipschitz graph domain
Q. Iflimx, oo u(X’, X)) = 0 for each X' € R*™1, then

/Q|u(X>|2dX < C/Q 1D, u( X)) dX.

Proof 1t is convenient to simplify the geometry by mapping € to a half space {X,, >
0}. We let
(X' t) = u(X', &(X') + 1)

and observe that Dyw(X',t) = D, (X', ¢(X')+1) and D;v still satisfies the mean-value

property
o 1/2
IDeo( X, 1)) < — ][ 1Dyu(Y, 8)[2dY" ds
(146N \UB,u(x0)

for all N > 0. We write

—/Oo Dsv(X',s)ds
¢

apply Hardy’s inequality (see Stein [23], p. 272) and the mean-value inequality to

obtain
/Oo (X', 1) dt < c/mu +s)—2N327[ 1Do(Y', )2 dY" dr ds.
0 0 Bs/2(X/75)

Now we integrate with respect to X’ over R"™! and apply Fubini’s Theorem to the
right-hand side and obtain

/ / o( Xt |2dX’dt<C/ / 1D o(Y, )21+ )2 dY dr.
Rr— 1 Rr— 1

Thus we can choose N =1 and the Lemma follows. 1
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Our next Lemma gives the opposite estimate, almost.

Lemma 3.13 Suppose u satisfies (L +1)u = 0. Then for each ¢ > 0 and multi-index

a, there exists a constant C' = C,, so that

/ 1D u(X)[2dX < c/ (X2 dX.
QN{6(X)>e} Q

Proof The proof depends on the additional decay in the mean value property of

Lemma 3.10. Again, we make the change of variables to a half-space and set
0a(X',1) = (D) (X', 6(X") + 1)
and v( X', t) = u(X',¢»(X’) +t). Then Lemma 3.10 implies that

1/2
loa (X7, 4)| < 1710 (]é - |v(Y’,s)|2dY’ds) .
t/2 ’

Squaring this estimate, integrating over R"™! X (€, 00) and using Fubini’s theorem

gives

/Oo/ loa (X D[P dX dt < ca/oo/ sl |o(Y7, 8)[2dY" ds
e JRn—1 /2 JRn—1

Cye2lol // / s)|*dY” ds.
2 JR-1

IA

Lemma 3.14 Let u be a solution of (L + 1)u = 0 which satisfies (2.1). For each

e > 0, there exists a constant C. so that u satisfies the estimate

2m—2 2m—1

/ 3 Ivul @FdQ+ | 3 IVulP X
< [ ATmr@R 40 Y 9D Q) Q.

=0
Proof Recall that in a graph domain, the last component of the normal, N,, is

bounded away from zero. We begin the proof by estimating the boundary integral on
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the left-hand side of the estimate of the lemma. The divergence theorem, Cauchy-

Schwarz and Lemma 3.12 give
2m—2 2m—2

[ ZIVu@PdQ < O 3 ITU@P(-N(@)dQ

2m—2

- 20/ ZVJ X)D, Viu(X)dX (3.15)

S C/|v2m 1 )|2dX

To estimate the integral over ) on left-hand side of the estimate of the lemma, apply

Lemma 3.12 to obtain
2m—1

/ Z Viu(X)?dX < 0/ V271 (X)) dX. (3.16)
Now Lemma 3.13 and Lemma 3.12 give

/|v2m 1 |2 dX

IA

e/m(vm—lu)*(cg)? dQ + CE/Q|u(X)|2 dX  (3.17)
< of (VTp(Q)RdQ + C [ DT () dx.

We turn our attention to the last term in the above estimate, (3.17). We observe

that
< + a, U TTu .
Dm Lu(X)|PdX | D™ (X)) ? DD y(X)DP DT (X)) dX

This holds since the second term inside the absolute value sign is real. Integrating by

parts gives that
/ 1D (X)) + aup D D u( X)DP DM La(X) dX
— (—1) /D?W 2u(X)(iu(X) + Lu(X))dX
[ S D@D Q) + D D (@)D u(Q)dQ.
=0

Since (I + i)u = 0, we have the estimate

/|Dm Lu(X)|? dX

_—

m—1 1/2
c(/mzjwfpgf—l |2dQ) (/ wa |2dQ) . (3.18)
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Now using (3.15), (3.17) and (3.18) we obtain

2m—2

fo & IVu@FdQ < [ OqT (@)
/e VDT Q) Q + e 3 [Vu(Q) dg

where we have applied Young’s inequality to obtain the last two terms. In the last
term, we move the summands Viu, j = 0,...,2m — 2 to the left. The last term,
with j = 2m — 1, we bound above by the nontangential maximal function. This gives
the estimate for the boundary term in the Lemma.

To estimate the term in the interior, we use (3.16), (3.17) and (3.18) and then the

estimate for the boundary term. 1

4 Estimates for the regularity problem

In this section, we derive the main estimate, (3.2), for the regularity problem. Our
goal is to establish the existence of solutions to the regularity problem

(L+1)u=0, in O

Du = 1y, o] <m —1

(V™u)* e L*(09Q).

Here, ;/7 lies in the space of Whitney arrays, WAzrzl_l(aﬂ) defined by taking the closure
of the arrays generated by Cg°(R"™) functions, @/7 = (¢o : |a| <m —1) in the norm
> allzeron).
lor| <rm—1
The non-tangential maximal function for the elliptic problem is defined for functions

v on ) by

()= sup (X))
XEFﬁ(P)

The approach region is defined by I's(P) ={X € Q: | X — P| < (1 4+ 5)d(X)}. The

parameter 3 is assumed to be large as in the parabolic case.
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We begin with the following Lemma. Iterating the estimate of this Lemma gives

the estimate (3.2).

Lemma 4.1 Suppose u is a solution of (L 4+ i)u = 0 in a Lipschitz graph domain
and that u satisfies (2.1). Let v be a multi-index with |y| = m — 1. There exists a

constant C' and for each € > 0, a constant C, so that

[N D@ < [ VD DLu(Q)f
FO IV (@) + (V2 ) (@) dQ.

Proof We begin with the boundary Garding inequality of Pipher and Verchota, The-

orem 3.3, which gives

/89 V™ DYu(Q)[2dQ (4.2)
< C [ N"TID.Du(Q)? + aws DT u(Q) DM U(Q)(— Nu(Q)) dQ.

o o

Next, we use the identity (3.5) of Lemma 3.4 to obtain

[ ass D@D Q) -V, (Q)) Q|
< [ DM T(Q)D D Dl Q)] dQ (43)
+/Q |D? Dy X )a(X)] dX.
Then, the Cauchy-Schwarz inequality and the estimate of Lemma 3.14, give
[ wx) 0 Dax)ax < [ cmz VDR Q)P + (V) Q) dQ. (1.4)
The Lemma follows from (4.2), (4.3) and (4.4). '

We can now give a preliminary version of (3.2).

Lemma 4.5 Let u be as in Lemma 4.1, then

fuo & VHQ@PAQ < [ € IVDI QP + (V0 (@) 40
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Proof Lemma 3.14, gives the estimate

2m—2 m—1

[ Y IVuQFdQ < [ CY [VDrTHQP + (T QP dQ. (46)

=0

Thus we only need to estimate / |V =Lu(Q)*dQ. Applying Lemma 4.1 m — 1
o9
times (first to D7u, |y| = m — 1, then to D' D,u, |y'| = m —2 and so on) gives that

for every ¢ > 0
[ V(@) dQ < [ OSSN u(@)F + (VT ) (Q) dQ.
29 Z o
Combining the resulting estimate with (4.6) gives the desired conclusion. 1

Our final step is to observe that we may replace V" D™ 'y by VoV D" 1y on
the right-hand side of the inequality in Lemma 4.5. The expression VrV7u is defined
as (Xjal=; |V D*|?)Y/2. This argument is taken directly from Pipher and Verchota
[22]. We repeat the details for the convenience of the reader. Let v be a smooth
function defined near 92 which satisfies (2.1) and let 4 be a multi-index of length m.
By the ellipticity assumption (1.2), we have

E|ID"u(Q)] < aasN*(Q)N(Q)| D u(Q)*.

Now we write & = o’ +¢;, and v = 7' + ¢;. Note that N;D;u— N;D;u is a tangential

derivative, thus we have
40N NP D uf? < ansN NN, Dy, D" uD"Vi + [V V™ Lu| [V™ul.
Repeating this argument a total of 2m times, we obtain that
E|D"ul* < aggD*uDPuN* + C|VV™ tu| [V ™ul.

Now we multiply by the binomial coefficient, m!/~!, sum over all v, |y| = m to
obtain

EIV™ul* < angD*uDPu|N|*™ + C|N V™ u||[V™u| (4.7)
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We multiply this pointwise estimate by —N,,, integrate over 9€) and then apply

Young’s inequality with €’s to obtain

| IV QP =N(Q)) @

< C [ 9V T Q) + 0s D u(Q)D Q) No(Q)) Q. (4.8)

We are now ready to give

Proposition 4.9 Suppose (L + ¢)u = 0 and that u satisfies (2.1). For each ¢ > 0,
there is a constant C,. so that

2m—1

LY V@i < [ C(vivrDrTtu@)F

i=0

X VDI (Q)) + (V) Q)R dQ.

i=0

Proof We begin with the conclusion of Lemma 4.5. We need to estimate the term

[ VD@ dQ
o0

which appears in the conclusion of Lemma 4.5. First, we apply the observation (4.8)
with u replaced D™ 'u and then the identity (3.6) of Lemma 3.4 to bound the form

for L to give

[ vzt < [ CAVaVTTDET Q) 4 (V) (Q)2 dQ
o0 o0

+ / lu(X) D2 u(X)| dX. (4.10)
Q
The integral over 2 can be estimated by Young’s inequality and Lemma 3.14 to give
m—1
[ ()2 tu(X) X < [ COY VDT u(Q) 4 ol V) (Q) dQ.
Q e i

Using this estimate in (4.10) and then Lemma 4.5 gives the Proposition. 1
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Combining the estimates of Proposition 4.9 and Proposition 2.10 gives:

Theorem 4.11 Suppose ¢ € C5°(R™), and that Q0 is a smooth graph domain. Then
there is a smooth solution to (L + i)u = 0 which satisfies

2m—1 ] m—1 ]

SV u—m) Nleeen) < C DY 1V |e2a) + CIIV eV 14| 1200

7=0 7=0

and D°u(Q) = DY(Q), |a]<m—1, Q € 0.

Proof According to Lemma 2.5 there is a smooth solution u to (L + ¢)u = 0 which
satisfies (2.1) and D%u = D¢, |a| < m — 1. If we set

wr(X) = —/OO w( X', 1) dt

and then w_;_y = (u_j)_y, j > 1, we see that u_; still satisfies (2.1). Thus, we may

apply the estimate of Proposition 4.9 and then Proposition 2.10 to obtain that

[ & Py @FdQ < [ GV H@QF +0. 3 V@)

+e(V )" (Q)* Q).
Thus, if we choose ¢ small, we obtain the estimate of this theorem. 1

Corollary 4.12 ]f@/j € WA (0) and Q is a Lipschitz graph domain, then there
is a solution to (L 4+ )u =0, Du =1, on 0Q, |a| < m — 1 which satisfies

2m—1 m—1
SNV ur—m) | r2a0) < C (Z INV73h]| 1200 + HVTVM_I%/)HB@Q)) .

J=0 7=0

The existence is proven via a limiting argument. The uniqueness is obtained via
energy estimates. Note that the estimate (V™u)* € L*(99) implies |u| and |V u| are
in L*(Q) via Lemma 3.10. We refer to Pipher and Verchota [22] or section 6 of this

paper for similar arguments. The uniqueness is done in some detail for the parabolic

problem in section 6 (or see [12]).
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5 The L*-Dirichlet problem

Our next goal is to establish the estimate (3.1) which is needed to solve the Dirichlet
problem. Our argument has two steps. The first step is to consider solutions of
(L + i)u = 0 which satisfy D*u =0, |a| < m — 2. For such solutions, we may use

an argument of Necas [20] to obtain the bound

JL )P ax < [ vtu@) de.

Necas’s arguments for fourth order equations are also used in [3]. As we saw in section
3, such estimates are essential to extending Pipher and Verchota’s argument to the
equation (L+)u = 0. The second step is to show that it suffices to consider solutions
with special data. This is carried out using our solution of the regularity problem.
The estimate for u on €2 is obtained by duality. Thus we consider solutions of the

problem
(L+idu=f
u € H Q).

We say u is a weak solution of this problem if v € H{"(€2) and

/QaaﬁpauD%H'uwX:/waX

for each ¢ € C§°(R").
It is classical that such weak solutions exist, this was used in Lemma 2.5. Our

interest here is the following estimate at the boundary.

Proposition 5.1 Suppose that Q) is a smooth graph domain, that f € C5(Q) and
u € HJ' () is a weak solution of (L +i)u = f. Then u satisfies

[V u@dQ < ¢ [ 7R ax.

Proof We may use the argument from Lemma 2.5 to see that v and all its derivatives

decay exponentially as | X| — oo and that u is smooth up to the boundary.
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We use (4.7) which states
EIN"uw(@Q)* < C[V™u(Q)] VeV u(Q)| + aus D u(Q) D u(Q). (5.2)

But since u € Hy* (), VorV™ !ty = 0 on 992. We multiply the estimate (5.2) by —N,,

integrate over df) and apply the divergence theorem to obtain

£ VPu@P=N(@)dQ £ [ apD u(@D u(Q)(=N.(Q))dQ

— 9Re (/Q o D Dypu( X) D a( X) dX) .

In the integral over ), we may integrate by parts to interchange D? and D,. When
we do this all boundary terms vanish since u € H*(2) and D®u satisfies the estimates

(2.1). Thus we obtain
/QaaﬁDaDnu(X)Dﬁu(X) dX = /Q(@'U(X) — (X)) Dya(X) dX.
Combining the last two inequalities, we obtain
[ 9@ dQ < € [ ()R + [Vu(X)P + (X dX.
Finally, we may use the energy estimate for v and interpolation inequalities to bound
)+ [Vu(X)aX < C [ 7(X)] dX.
This implies the Proposition. 1

Next, we obtain a dual estimate for solutions of (L + ¢)u = 0.

Lemma 5.3 Let Q be a smooth graph domain and suppose u satisfies (L + i)u = 0,
(V™= tu) € LA(Q) and D*u =0 a.e. on 99, |a| <m —2. Then

L le0prdx <o [ vetuQ)de.
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Proof We choose f € C5°(R") and let v be the solution of (L+1i)v = f, v e H*(Q)
from Proposition 5.1. We let un(X) = w(X + he,), h > 0. If we write f = (L +1i)v

in the integral below and then integrate by parts, we obtain

2m—1
[ unX) (X aX = [ o)L+ Dun(X)dX + 3 [ DIun(Q)D* 1 (Q) Q.
7=0
We have D?*"~1=0y =0, for j = m,...,2m— 1 sincev € HJ'(Q) (and v € C>(Q)). Of
course, (L+14)uy, = 0 and if we let & — 0F then | Viuy|[r200) = 0, j=0,...,m—2.
This follows since we assume that D*u = 0 for |a| < m — 2 and (V™ 1u)* € L2

Using these observations and then Proposition 5.1 gives

LX) FXVEX| < Ol oIV oo
Taking the sup over all f in C§°(f2), say, implies the Lemma. 1

We now consider general smooth Dirichlet data. Thus let € be a smooth graph
domain, let ¢ € C§*(R"), let ;/7 be the array generated by ¢ and let v be the solution
of the Dirichlet problem with data ;/7 from Lemma 2.5. We claim that we can find
an array ¢ in WAL (09) so that D = Vogers || < m —2. To see this, let
(D% ¢ |a| < m —1) be the array generated by . According to Corollary 4.12, we
may solve the regularity problem for A”~! 4 i (here A is the Laplacian):

(Am_l +i)v =0, in
{ Dv = D, la] < m — 2.
If we consider v_;, then the estimates of Corollary 4.12 for the regularity problem
give

Z HDQU—IH%WQ) < CH¢HWA37;1_2(89) < CH%/’HWAfn_l(aQ)- (5.4)

ol <1
Thus we let L/NJ € WA?HI_I(Q) be the array {D“v_1}jaj<m—1. Note that v and hence v_4
decay exponentially as | X| — oo, (see (2.1)). Thus, we can show that the array b is
the limit in WAX" (9Q) of arrays generated by np(X)v_y(X + he,) for appropriate
pairs (h, R). Here np(X) = n(X/R) and n(X) € Cg°(R"™) is a function which is one
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on Bi(0) and supported in By(0). Now let © be the solution of the regularity problem
for L +i with data ¢ = (¢, : |a| < m — 1). Then we have

D*D,o =D, |la]<m-—2

and thus

w=u— D,v

is a solution of the Dirichlet problem with special Dirichlet data. Furthermore, by
the triangle inequality, Corollary 4.12 and (5.4)

IV w2 ga0) < CUIVT M ullrzgan) + IV Datllr2) < Cllvllwaz_ og)- (5.5)
Now according to Lemma 5.3 and (5.5)
[ le)Fdx < [ Vrw(@)FdQ < Cllells,_ o (5:6)

Also, an argument with the mean-value inequality of Lemma 3.10 gives

L1DaxX)pax < ¢ [ (vioy(Q)dq

N
< C"¢"WA21 (%) SC"¢"WA2 _1(09)" (57)

Since u = D,v + w, we conclude from (5.7) and (5.6) that
L 1aORdX < Cllele oy
We have proven the following.

Theorem 5.8 Let Q be a smooth graph domain, let v € C5°(R™) and let u solve the
Dirichlet problem in Q with data (D¢ : |a| <m —1). Then

/ [u(X | dX < C’W)HWA? (59)

Now we continue with the main arguments in the proof of (3.1).
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Theorem 5.9 Suppose (L 4 i)u = 0, and for some ¢p € C;°(R") D% = D>, on
o, la| <m—1, e C®(R"). Then we have

2m—1

2 | IV @) dQ < z__j [ VD (@) Q.

Proof We begin by repeating the conclusion of Corollary 4.12 which implies that
2m—1

3 / Viu_(X)[2dX < cfj/ VD (X)X, (5.10)
o Joa iy

We need to introduce one additional D, derivative on the right of this inequality.
Towards this end, let v = u_,, and apply the boundary Garding inequality of Pipher
and Verchota (see Theorem 3.3) to D™ 'v to obtain

[ VD@ dQ < [ ausD® D (@)D D H(Q) (= N(Q))
+V™TE DT (Q)|? dQ. (5.11)
The second term in the integral is what we want, thus we must estimate the form for
L on the boundary. We begin with the identity (3.5) with D7u replaced by D™ 'v.
If we integrate by parts in the integral over {2, we obtain
[ ausD" D@D D Q) Na(Q)) dQ
= [ D@D Q) + Y DI PU@)DE Q) dQ (5.12)
7=0
9 Re/gpyv()()mg—lﬁ()() dX.
Now, we consider the integral over {2 in the last term and use Cauchy-Schwarz, Lemma

3.12 and then Theorem 5.8 to obtain

/Dg—lv(X)Dyv(X)dX‘ < 0/ 1D o(X)[2dX
Q Q

< X [ pre@Pd.  (5.13)

lal<m—1

Now the estimates (5.11), (5.12), and (5.13) give

LNTDrTe@PdQ < 0 [ [rTDre(Q) D ()

+ 3 1D o(Q)] DT (@) dQ. (5.14)

i=0
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Now we give the argument needed to bound the terms with j =0,...,m — 1 on
the right-hand side of (5.10). Fix v, a multi-index with |y| < m — 1. Using Lemma
3.12, Lemma 3.13 and Theorem 5.8 we obtain that for every € > 0, there is a constant

C. > 0 so that
[ DD @)F(=NAQ)) dQ = —2Re [ DTDo(X)D7 D} o(X) dX

< 0/ DD u(X)[? dX
Q
m—1

< [ VPR Q) + Y IV D(Q) dQ.

=0

We sum this inequality on |y| < m — 1, use the result and (5.14) to estimate the
right-hand side of (5.10). If we choose ¢ small, we obtain the theorem. Note that our
estimates for solutions with nice data, (2.7), imply that the non-tangential maximal

function lies in L2. 1

We are now ready to prove our main result for the Dirichlet problem.

Theorem 5.15 Let @E € WA2 _(09), then there exists a solution to

(L+1)u=0, in Q
(5.16)
Du(Q) = ¥a(@Q), o] <m —1, Q € 99.
This solution satisfies the estimate
2m—1
> (V) [[r2en) < Cllellwaz,_, (o0)- (5.17)
7=0

Furthermore, there is only one solution to the Dirichlet problem (5.16) which also
satisfies (V™ tu)* € L*(9Q)

The existence follows from the existence of smooth solutions satisfying the esti-
mate (5.17) as established in Theorem 5.9. Note that the solutions from Theorem 5.9
satisfy the estimate (5.17) for the non-tangential maximal function thanks to Propo-
sition 2.10. The uniqueness assertion may be proven by imitating the arguments from
Pipher and Verchota [22] or see the corresponding argument for parabolic equations
in §6. Given the uniqueness result and the estimate (5.17), a limiting argument leads

to the existence of solutions for general data. See [22, §9] or section 6 of this paper.
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6 The initial-Dirichlet problem for parabolic equa-
tions

Now that we have established our estimates for solutions of the Dirichlet problem for
elliptic equations, we turn to the study of parabolic equations. As an intermediate

step, we state scaled versions of our estimates for the elliptic problem.

Theorem 6.1 Let 7#0, 7€ R.
a) ]f@/j € WAZ_(09), then there exists a solution to (L +i7)u =0, D% =1,

and it satisfies the estimate

2m—1

| @m=1=0) M 7iy, V< (O)? | (m=1=]al)/m 240
L (ViuaV(QFdQ<C [ 3 Ir] 4a(Q)F dQ

ol <1
b) If @E € WAL (09Q), we may solve the regularity problem (L + it)u = 0,

Dou =1, |af <m—1, and we have the estimate

2m—1

> [, I (Vi) (@) dQ
2|7 |(m=lal)/m 2
<0 % [ QPraQ e [ 3 Vi) de

|o|<m—1 al=m-—1

Next, we sketch the details needed to go from the scaled estimates of Theorem

6.1 to the existence of solutions to the initial-Dirichlet problem

Dyu+ Lu =0, in Q x (0, 00)

u(X,0) =0, X e (6.2)

Du(Q,t) = . (Q, 1), |a| <m—1, (Q,t) € IN x (0,00).
Here, (¢, : |o] < m —1) lies in the space WAZ' | (9Q x (0, 00)) which was defined in
the introduction. To complete the definition, we define the fractional time derivative
A by

AF(r) = (ir) " f(7)

where the root is defined for Rez > 0 by (er)!/2m = p1/2meil/2m and —7/2 < 0 <

7/2. Note that this operation is given by

t

AS(t) = cth/O F(s)(t — s)5 ds
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i

2m” and we have A?” = D;.
T

Our strategy for studying the parabolic boundary value problems is as follows: We

sin(

where ¢,, =

begin with a nice solution which is obtained by energy estimates. Since, we assume
that u has zero initial data, we may extend u to ) x R by assigning u the value zero
for t < 0. The resulting function is a smooth solution of D;u + Lu = 0 in  x R.
We apply the Fourier transform in the time variable and then use the estimates of
Theorem 6.1. Thanks to Plancherel’s theorem, this immediately gives estimates for u.
Using these estimates and a representation formula as in Proposition 2.10 we obtain
estimates for the non-tangential maximal function.

We begin by observing that if the array ;/7 is generated by a C§(R"™ x (0,00))

function, then there exists a solution u to (6.2) which satisfies
/ / |Vmu(X,t)|2dth—|—sup/ w(X,1)2dX < oo (6.3)
o Ja t Ja

(see [10]). Furthermore, if £ is smooth, then u extends smoothly up to the boundary.
Next, we observe that the system D; + L has a nice fundamental solution. See,
for example, [10], where it is shown that there exists a fundamental solution I'( X, 1)

whose derivatives satisfy

C 1 (X[
k na
|Dy DT(X, 1)] < a2k OXP (—5 ( . : (6.4)

In this estimate, C' is a constant depending on «, k, £, m,n and an upper bound for
the coefficients. Using this fundamental solution, we can prove interior estimates for
solutions in a manner similar to Lemma 3.10. This argument shows that if D;u+ Lu =

0in J.(X,t) = B.(X) x (t —r*™ ], then for any multi-index o and k = 0,1,2, ...
|DEDZu(X, 1)] < Ot =led // oy Y)Y ds (6.5)
(Xt

where ' does not depend on r. These estimates imply that if u is a solution satisfying

the energy estimate (6.3), then for each X € 2, multi-index «, and k = 1,2...,
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Do Dfu(X,-) € L*(R) and if |3| > m, then DPu(X,-) € L*(R). Thus we may define

the partial Fourier transform in the time variable and for 7 # 0, we have
a(X, ) = (i)™ Dw(X, 7).
Also, Plancherel’s theorem and (6.3) give that for a.e. 7, we have
/Q|D%(X,r)|2dX < oo, |a|=m.
From this estimate and a rescaled version of Lemma 3.12, it follows that

J

Thus, (X, 7) is a weak solution of the Dirichlet problem with data (X, 7). If 7 # 0,

a(X,7) 27 dX < c/ IV a(X, 7) 2 dX.
Q

we have proved that weak solutions are unique and hence @ satisfies the estimates of
Theorem 6.1 part a). Applying the inverse Fourier transform gives

/000/89 Z |AjDau1—m(Q75)|2 dQ ds

oo +j=2m~1

< T[T WDUHQaE+ X V0@ dQds. (65)

ol +j=m,|a|<m-1 |orl=m
Similarly, applying the estimates of part b), gives

/OOO /8Q Z |AjDau—m(Q73)|2 dQ) ds

oo +j=2m~1

< [T Y IND(Qs)dQds, (6.7)

o +j=m~1

Next, we observe that we have the following representation formula.

Proposition 6.8 Let Q) be a smooth domain and let u(X,t) solve

Dyiu+ Lu =0, in @ x (0,00)
w(X,0) = 0, XeQ
u€ C®(Q x[0,00))
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and for each T < oo, assume that
T
/ / V(X 1)[2 dX dE < oo (6.9)
o Ja
Let v=u_; for 7 >0 and let |y| =m — 1, |§] =m, then
¢
DX, 1) = // D2 1p(Q, ) D™ T(X — Q1 — )
0Jag
2m—2

+ > Div(Q,s)D*™ 27 D,I(X — Q1 — s)dQ ds.

i=0

Proof We begin by observing that if u satisfies (6.9) then, for each € > 0, u satisfies
lu(X, 1) < Ct,u, N,e)§(X)™, §(X) > e

To see this, observe that the interior estimates (6.5) and the bound (6.9) imply that
for k> 1,

|DED*u(X 1) = [DfT LD u(X, 1)
. 1/2
< Qy2em=lal-n/2 (/ / IV u(Y, s)dY ds) .
t—r?m JB.(X)
We choose r = §(X)/2 in this bound and conclude that
IDED* (X, 1)] < Cu)(X)Hn—lels2
Now if we integrate in time, we have
|Du( X, t)] < C(u)ths(X)~2m=lel=n/2,

This inequality implies that we can form the integral u_; for all j and that D%u_;
decays rapidly in the X, -direction, uniformly for ¢ in a finite interval [0,7]. In
addition, since ¥ and 02 are smooth we have that derivatives of u_; are bounded
near the boundary:

sup | DED u_j(X.1)] < Cla b, u,j).

0<t<
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Using these estimates and the estimates for the fundamental solution I' (see [10] or
(6.4)) we may imitate integration by parts arguments in Proposition 2.10 and obtain

that for multi-indices |y| = m — 1 and |§| = m, we have

t
D%"éu_j(X,t) — / / D2m—1F(X _ Q,t _ S)Dzm_lu_j(Q, S)
0 JoQ
2m—2
T Z Dfu_;(Q,s)D?*™ kD, T(X — Q,t — s)dQ ds.

k=0

Now we quote several results on parabolic maximal functions of the potentials

appearing on the representation formula of Proposition 6.8.

Theorem 6.10 Suppose Q is a Lipschitz graph domain, f is a function in LP(S.),

Il <p<oo, |al=2m—1 and consider the potential

i = [ [ H@9D (X = Q.1 =) dQus

This operator satisfies
1To() Lr(s) < ClNlLr(ss)

. Fork=1,...2m — 2, f satisfying A*f € LP(5.) and 3 a multi-index with |3| =

2m — 2 — k, we consider the potential
Thf(X,1) = /Ot /89 FQ,$)DsDT(X — O, t — 5)dQ ds.
This potential satisfies
IT5(f) 1 2r(50) < CHA* FllLr(sm)-

The potentials defined above have parabolic limits almost everywhere on the boundary.

The proof of this theorem for Ty depends eventually on the results of Coifman,
McIntosh and Meyer [4]. Techniques needed to study parabolic potentials are given
in the paper of Fabes and Riviere [8]. The result for the potentials T} is somewhat
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easier. A proof for the heat equation appears in an appendix to the thesis of Brown
[1]. A closely related result for the heat equation in noncylindrical domains, is given
by Hofmann and Lewis [11, Lemma 2.14]. In the cylindrical case, the basic [*-
boundedness result follows easily if we take a partial Fourier transform in time. The
estimates in L? and for the nontangential maximal function are obtained by modifying
the standard arguments.

We can now give the existence of solutions with nice data.

Proposition 6.11 Let ;/7 be an array generated by ¢» € CFP(R" x (0,00)) and let
Q be a Lipschitz graph domain. Then there exists a solution of the initial-Dirichlet
problem which satisfies the estimate for the reqularity problem:
(V™) sy + D ’\AjDaul—m"L2(soo) < CH%/)HWAif_l(sOO)-
o +j=2m—1
Furthermore, u satisfies the estimate for the L?-Dirichlet problem
V" ) sy + 2 IV D U mllzzse) < ClYllwaz (s
oo +j=2m~1
Proof On smooth domains, this is an immediate consequence of the estimates (6.6)
and (6.7), the representation formula in Proposition 6.8 and the estimates of Theorem
6.10. If Q@ = {(X", X)) : X,, > ¢(X')} is a Lipschitz graph domain, we consider a
sequence of smooth domains Q4. Here, Q, = {(X', X)) : X,, > ¢p(X')}, and we
assume that ¢p — ¢, uniformly and that |[V¢y||« is uniformly bounded. If we let uy
be the solution of the initial-Dirichlet problem in Qj with data ;Ek = (D*Y|aq, : |a| <
m — 1) then according to (6.7), the quantity
> INTID () mmllra s )
jal+i=2m+1
is bounded independently of k. If we let @ : 92 — 99, be the map given by
O (X', p( X)) = (X', 6k(X")), then we can find a subsequence uy, for which we have
weak convergence

(Da/\j(uk)_m) 0 (I)k — fohj‘
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Using the representation formula of Proposition 6.8 for uy = D7 (uy)-, and this
weak convergence, we have that uj converges locally uniformly to a function u which
satisfies the equation Dyu+Lu = 0in 2 and satisfies the estimates (6.6) and (6.7). The
derivatives D%u, |a| = m have parabolic limits a.e. on the boundary. Furthermore,
because ||(V™ur)*||12(s, ) is bounded independently of k, it is easy to see that D*u =
D>y, ol <m —1. 1

Now a limiting argument, similar to the proof of Proposition 6.11, gives existence
of solutions to the regularity problem for general data @Z e WAL, (Ss). Before estab-
lishing existence of solutions with data @E € WA2 _,(Sw), we consider the uniqueness

statements in Theorem 1.4.
Lemma 6.12 If Dyu+ Lu =0, then
1D u(Q + se,, )] < Cts™ PIM (V™ u)*)(Q, 1).

In this lemma, M; is the one-dimensional Hardy-Littlewood maximal function in

the time variable, t.

Proof We write Dyu = —Lu and use the mean-value inequality (6.5) to write
t
IDu(X, 1) < / DO Lu(X, ) dr

0
t
0/ §(X )l 7[][ VouY,s)|dY ds  (6.13
| O(X) JCO(;(X)(X,r)| (Y. s)] (6.13)

IA

where J.(X,r) = B.(X) x (t—r*™,1). We choose ¢y small so that J. 5x)(Q+se,, 1) C
['(Q,r) and thus (6.13) gives

D7 u(Q + se,,r)| < Csm ! /Ot (V™) (Q,r) dr

This estimate implies the result of the Lemma. 1
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Theorem 6.14 Assume u is a solution of the regularity problem in Q x (0,T) with
D*u =0 ondQ, |af<m—1, and (V™u)* € L*(S7), then u = 0.

Proof We first claim that D*u € L*(Qx (0,7T)) for |a] < m—1. To see this, we begin
with Lemma 6.12 which gives that for any « and € > 0, there exists C, = C.(o, T') so
that

T
/ / D (X, )2 dX dt < C, / / WO(Q.1)2dQdl. (6.15)
0 Jan{s(X)>e}
For |a| < m, a variant of the Poincaré inequality and (6.15) give
T T
/ / 1D w(X, 1) dX dt < c/ / (V) (Q, 5)? dQ ds.
0 Jan{é(X)<1} 0 Josy

Recall that the constant in the Poincaré inequality can be chosen to depend on the

width of the domain in one direction. Together, these give
/ /|D“ X, 1) dth<C/ / Vu)(Q,0)2dQdt, |a| <m.  (6.16)
Next, we observe that the interior estimate (6.5) implies that
|D°u(Q 4 sen, t)| < Cos™ V™) (Q, 1), |a| > m. (6.17)

For |a| < m — 1, we may use the mean-value theorem of calculus and our hypothesis

that D%u has parabolic limits zero at a.e. (Q,t) € Sp. Together, these imply that
|Du(Q + se,, t)| < Csm_|a|(vmu)*(Q,s), la] < m. (6.18)

To establish uniqueness, we consider u.(X,t) = u(X + €e,,t), € > 0. Integration

by parts and the estimates (6.16) and (6.17) imply
1 ¢
5/ uE(X,t)QdX—I—/ /aagDauE(X,t)DﬁuE(X,t) dXdt
Q 0o Ja

Z—:/Ot 89DJuE(Qas)DQW—l—qu(Q,S)des. (6.19)
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If we let ¢ — 0%, then (6.17) and (6.18) imply that the right-hand side of (6.19) goes

to zero as € — 01. Thus
1 ¢
0= 5/ u(X,t)QdX—l—/ /aaﬁDau(X,t)Dﬁu(X,t) dX di. (6.20)
Q 0 Jo

Since the inequalities (6.16) and (6.18) imply that u(-,t) € HJ* () for a.e. {, we have
¢

that / /aaﬁDauDﬁu > 0 and hence (6.20) implies v = 0. 1
0Ja

Finally, we consider uniqueness in the Dirichlet problem. Here, we use the duality
argument as in the elliptic case. Thus we begin with a Lemma regarding the existence

of solutions to the inhomogeneous initial-Dirichlet problem.

Lemma 6.21 Let ¢p € C5°(Q x (0,7)). Then there exists a solution to
Diwu+ Lu =1, inQx(0,7T)
W(X,00=0, inQ (6.22)
Du(X,0) =0, |a]<m—1.

This solution satisfies (V™u)* € L*(St).

Proof We construct u = v+ w where w = '+ and v is the solution of the regularity
problem with data in the array generated by —w. We have (V™w)* € L*(S7) since
the fundamental solution and all its derivatives decay rapidly as | X| — oo. Now,

using estimates for w and its derivatives on S, we can apply Proposition 6.11 to

conclude that (V™v)* € L*(St). ]

Theorem 6.23 Suppose that Dyu + Lu =0, (V™ tu)* € L*(S7) and

Diu+ Lu = 0, in Q7

u(X,0) =0, r €

D*u(@,s) =0, ol <m =1, (Q,s) € 57
(V™= lu)* € L*(St),

then v = 0.
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Proof Let f € C5°(Qr) and let v( X, t) be the solution of the inhomogeneous problem
(6.22) from Lemma 6.21. Then w(X,?) = v(X,T — t) solves the adjoint boundary

value problem

(=Dy + Lyw(X,t) = f(X,T — 1), in Qr
D*w(@,t) =0, [af <m —1, Q € 09
w(X,T) =0, X eQ.
Since Viu = 0 on Sz, j = 0,...,m — 1, we may use the mean value theorem of
calculus to obtain
IViu(Q + hey, )] < CR™ (V™ )5 (Q,1) (6.24)

where v} denotes the maximal function defined using truncated cones

(0)3(Q,1) = sup u.

T 5(P.)N{X:| X ~P|<h}

Note that the subscript i denotes a translation for v defined on €7 but denotes the

truncated maximal function when on (Vov)*. Also, using interior estimates, we have

that

VP Hu(Q 4 ey, t) < Ch™H (V™ M), (Q,1). (6.25)

Since w is a solution near the boundary and w vanishes on S7, the same arguments
imply that

V™ Hw(Q + hen, t) < Ch™H(V™w)5(Q, 1). (6.26)

We let up(X,t) = u(X + he,, t) and then integrating by parts gives

/OT/th(X,T—t)uh(X,t) dXdt = /()T/Q(—Dt—I—L)wh(X,t)uh(X,t) dXdt (6.27)

T 2m—1 ] ]
_ /0 /m S Diwy(Q, 1) D™, (Q, 1) dQdt.
7=0
Thus from (6.24), (6.25) and (6.26) we have
T 2m—1 ] ]
[ [ 3 Dhen(@ 0D Q. 1) dQd
0 Joa I

< [T Q. 0 ) (@ 1) dQr
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Since V™ ly = 0 a.e. and (V™ 'u)* is in L*(S7), it follows from the monotone
convergence theorem that (V™ 'u);, — 0 in L?*(S7). Since we also have (V™w)* is
in L2(S7), it is easy to see that the boundary term in (6.27) goes to zero as h — 07.

Thus we conclude that

T
/ / FIX,T — tu(X, 1) dXdt = 0.
0o Ja
Since this holds for every f in Cg°(€r), we conclude that u = 0. 1

Finally, we are ready to give existence of solutions to the L?-Dirichlet problem. Let
@/7 € WA?2 _(5.) be a smooth function and suppose that ;/jj is a sequence of arrays
generated by functions in C§°(R”™ x (0,00)) and so that the sequence converges to ;/7
in WA2 _,(S.). Let u; be the sequence of solutions with data ;/jj as obtained from
Proposition 6.11.

According to the uniqueness result (either Theorem 6.14 or 6.23 will do), we have

that the difference of two solutions satisfies the estimate

17 = ) Nz < Ol — il s (6.28)

An argument as in the proof Proposition 6.11 implies that u; converges to a function u
which satisfies (V™ 1u)* € L*(S.), has parabolic limits at the boundary and thus is
a solution to the Dirichlet problem. The estimate (6.28) implies that u has the correct
data, Du = v, |a| < m — 1. This completes the proof of the main Theorem 1.4,
which was stated in the introduction.

We observe that extensions to L, p near 2 should be possible as in Pipher-Verchota
[22] and Dahlberg and Kenig [6]. One should also be able to obtain results in three
dimensions for all p, 2 < p < oo (see [22] for elliptic equations and also [21] for the
biharmonic equation). The extension to bounded domains is easy and would lengthen
this paper without making it more interesting. A more interesting problem is to study
these problems in non-cylindrical domains as in Hofmann and Lewis [11] and earlier

work of Lewis with J. Silver [14] and M. Murray [15].
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Extension of the elliptic results to operators L+z is easy for z € C\{t+10 : ¢ < 0}.
The constants depend on the argument of z and blow up as z approaches the negative
real axis. See C.M. Liu [16] for the second order case, including results on the real

axis.
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