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The purpose of this note is to establish a small extension of a result of Panchenko,
Péivérinta and Uhlmann [14]. These authors recently showed that we have uniqueness
in the inverse conductivity problem for conductivities which are in the class C*/? in
three dimensions and higher. This built on earlier work of one the authors, Brown [3].
In this note, we relax this condition to conductivities which have 3/2 derivatives in L?
for p > 2n. We will obtain an end-point result with p = 2n for a related problem for
Schrodinger equations. However, the problem of defining the trace on the boundary
prevents us from obtaining uniqueness for the inverse conductivity problem at the
end-point. Our results are in R" with n > 3. Better results are available in R? in
the work of Brown and Uhlmann [4].

The inverse conductivity problem is the problem of determining the coefficient
in the elliptic operator divyV from information about solutions to this operator at the
boundary. This problem was posed in the mathematics community by A.P. Calderon
[6]. As has been known for some time [8, 12, 16], the key technique in establishing such
uniqueness results is the construction of solutions which are asymptotic to harmonic
exponentials at infinity. To construct these solutions, we use the standard relationship
between an elliptic operator of the form divyV and a Schrodinger operator. Of course,
the coefficient ~ is a scalar valued function. The Schrodinger operators we consider
are of the form

A—q

where the potential ¢ = A,/7/,/7 may be a distribution if v is not smooth. We look
for solutions v of the Schrodinger equation Av — quv = 0 which are asymptotic to ¢
where ¢ is in C" and satisfies ¢ - ¢ = 3_; C]? = 0. A simple calculation shows that if
we look for solutions which are of the form

v(, Q) = " (1 +(x,())
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then the function v must satisfy

A +2¢0- Vi —qip = q.

And, at least formally, the solution v can be constructed as the series

[e.e]

Z cmq)’ Ge(q)- (1)

In this expression, m, is the multiplication operator given by ¢

mq(p) = q¢
and G¢ is the inverse of A 4 2¢ -V defined by

G()(©) = %

Since the symbol —|&|* + 2i¢ - € = 0 vanishes to first order on a sphere of codimension
2, the right-hand side of the definition of G will be a tempered distribution if f is
in the Schwartz class. The Fourier transform is normalized by f (&) = [ f(z)e @ dx.
To make sense of the infinite sum (1), we need to make estimates for the operator
G and the multiplication operator m, acting on Banach spaces. The contribution
of this note beyond previous work is to provide an improved estimate for m,. To be
precise, we will show that if ¢ is in the Sobolev space W ~5"/% then the multiplication
operator m, (which is defined, say, as a map from S to §’) also maps W*%? to W52,
The case s = 1 is a consequence of such familiar results as the product rule and the
Sobolev embedding theorem. To see this, suppose u,v € W2 then we have that
uv lies not only in W', but we also have V(uv) € L™ ™= This follows from the
product rule and Sobolev embedding: ©Vv + vVu is in L™~V since Vv, Vu € L?
and u,v € L*=2)_ Thus, we have

! !—|/p—dm

from which it follows that the map v — ua‘%pj maps W2 to the dual space W~12 when
pisin L™. Here, we use (-, ) to denote the bilinear pairing between distributions and
functions.

In this paper, we contribute nothing to the analysis of G.. The estimates used are
from the paper of Sylvester and Uhlmannn [16]. It is possible that some improvement
can be made here. We expect that one should be able to prove uniqueness for conduc-
tivities which have 3/2 derivatives in L” with p > 2n/3. However, the straightforward
generalization of the argument presented below would require that f — VG f map

L? functions which are compactly supported to functions which are locally in L™ with

< Cllpllzn lfullwr2flvflw.2




p and r satisfying 1/p — 1/r = 1/n. Many such estimates fail, see [2] for further
discussion.

Finally, let us mention that one of us (Brown) conjectures that uniqueness should
hold when the conductivity v has one derivative in L? with p > n. The methods
presented here do not come close to addressing this conjecture.

We begin the formal development by stating a theorem on products of functions
in Sobolev spaces W*P(R"). There does not seem to be a standard notation for
these spaces. For s € R and 1 < p < oo, we will use W*P to denote the space
of distributions (or functions, if s > 0) which are defined by the Bessel potential
operator. Thus v € W*P? if and only if J_su € LP where J; is the operator given by

f = (LR 2.

We recall that if s = 0 and 1 < p < o0, then this space coincides with LP. If s is a
positive integer and 1 < p < oo, then the space W*? is precisely the functions with
s derivatives in LP. For 1 < p < o0, this space is also known as the Triebel-Lizorckin
space Fy?. We refer to the monograph of Triebel [18] for properties of these spaces.

Theorem 1 Let u € WP and let v € W, with 1 < p,q < oo, 1/p+1/q <1, and
0<s<nmin(l/p,1/q). Then uv € W™ where 1/r* =1/p+1/q — s/n.

This result is well-known, see the monograph of Runst and Sickel [15, p. 177].
This theorem immediately implies the following Corollary.

Corollary 2 If ¢ € W—Y22 with n > 3, then the operator m, given by m,(u) = qu
maps W22 — W-Y22 and satisfies

lmq(u)llw-1/22 < Cllullwrzzllgllw-1/220.

Proof.  To be precise, m,(u) is defined by (my(u),v) = (g, uv). Using the duality
between W™ (=) and W~=*"/% which is valid (at least) for 1 < n/s < oo, and
Theorem 1 we conclude that

](q,vu)] S CHqufl/Z,Qn”'U/U”Wl/2,2n/(2n71) S CHqHWq/zznHUHW1/2,2HUHW1/2,2.

This inequality implies the Corollary. 1

Now, we recall standard estimates for the operator G¢. In order to simplify what
follows, we will not use the weighted estimates of Sylvester and Uhlmann, but a sim-
ple consequence of these estimates. This will allow us to avoid mention of weighted
Sobolev spaces. A weighted version of the previous Corollary is undoubtedly true,
but it might be a chore to chase down the proof. We will restrict our attention to
compactly supported potentials. This restriction is acceptable for our application
to the inverse conductivity problem. However, there may be interest in Schrodinger



operators where the potential is not compactly supported. If X is a space of distri-
butions, we will fix Ry > 1 and let X, denote the subspace of X which is supported
in Bg,(0). Our notation obscures the dependence of the space X, on Ry, however
we will give the dependence of the constants in our estimates on Ry. Also, we are
using Bs(z) to denote the ball of radius s and center z. The following result is due to
Sylvester and Uhlmann [16]. The spaces we use are similar to those used by Agmon
and Hormander (see [10, p. 227]), except that we require smoothness of order s. We
fix n an infinitely differentiable function which is supported in a ball of radius 1 and
is identically one in a neighborhood of Bj(0) and set nz(z) = n(z/R). With this
function 7, we define the space B} to be the space of distributions for which the norm

B+ = SUp R_1/2||anHWs,z
R>1

is finite. We leave it as an exercise to see that different choices of 7, subject to the
above conditions, give equivalent norms on B}.

Theorem 3 Ifn>3,|¢|>1,(-(=0and 0<s <1, then

CRy”
HGCf||B1/2 > |C| Hf”W—l/Q-‘reQ

Proof. From the main estimate in [16] (see also [3] for the gradient estimate), we
find that

L A+ PGS @GR + VG @) da < C [ (14 a2 (@) de. (2)

On the ball Bg(0), (with R > 1) the weight on the left-hand side of (2) is bounded
below by 2R and the weight on the right-hand side is bounded above by 2R. This
gives the estimate

R™'2||Gef |l r2(Broy) < q R\ fl 12 (3)

Also, since G and V commute, we obtain that for f compactly supported in Bsp,

(4)

R\ VG flli2Ba0) < |<|R1/2

We let 77 be a smooth function as in the definition of the B*-spaces. The inequalities
(3) and (4) together imply that for s = 0, 1, we have

R1/2

1 2
InaGenro fllwea < 17 o1 llweee. (5)

¢ |

Complex interpolation implies that the inequality (5) continues to hold for 0 < s < 1.
Finally, if we use the estimate for the gradient in (2), it is not hard to see that for
R, Ry > 1, we have

R™Y2|npGetteny flwe+12 < CRY| fllwe (6)
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for s = 0. By duality (and interchanging R and 2R,), we obtain (6) with s = —1
also. Then, interpolating gives (6) with s = —1/2. Interpolating between (6) with
s = —1/2 and (5) with s = 1/2, and taking the supremum in R gives the conclusion
of the theorem. Notice that if f is in W2 and n = 1 in a neighborhood of 31/2(0),
then ner,f = f, hence the estimates for G; on W22 follow from estimates for the

map f — G¢(n2r,f)- '
Now, we consider a potential ¢ in W;'/%?" and consider the equation
(A+2C- V)Y —qp=f. (7)

In what follows, we will use G, to denote the inverse of the operator A +2¢-V —gq.
We prove the existence of this map by showing that it maps from W, /%2 to the space
By .

/2

Theorem 4 Let ¢ € W Y22" then there exists C = Cy(q) so that for |¢| > Co(q),
we may find a unique solution, ¥ = G¢f, to (7) in Bi,. This map satisfies

51y < Allf e

The constant A = A(Ryp) in the previous estimate is independent of q¢ and (.
Furthermore, we have

lin [Gef 1, =

To carry out the proof of the Theorem, we begin with the case of smooth potentials.
The key point is that smooth potentials are dense in W~1/22" and that for smooth
potentials, the norm of the inverse does not depend on the size of q. The size of ¢
only enters in determining how large ¢ must be.

Lemma 5 Suppose ¢ € C2°(R™) and that supp ¢ C Bg,(0). Then there is a constant
Co = Co(q) so that for |C| > Co(q) and 0 < s <1, G¢, satisfies

1GeafllB; HfH —1/242 (8)

1/2 — K‘
The constant A = A(Ry) is independent of ¢ and q.

Proof. We write
Geqlf) =D (Gemg)' G f.
7=0
According to Theorem 3, we have

CR1/2
||GCf||BT/2 = |<|

—1/2+4s,2
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for 0 < s < 1. Because, ¢ is smooth and n = 1 in a neighborhood of Bl/Q(O), it is
clear that

Img 222 < C(@)lmary fllw/ze < Cla) BRI f]

Using this and the estimate in Theorem 3 with s =1 , we obtain

C(q)R
[Germafli, < <0

Now, if we require || to be sufficiently large, the norm of G¢ o my on Bj, will be

B;/Q.

1/ 115;

1/2°

bounded by 1/2 and hence the norm of 3-;(G¢ o m,)? as an operator on B}, will be
at most 2. This proves the Lemma. 1

Proof of Theorem 4. We suppose now that ¢ is in W~/%2" and is supported, say, in
Bp,/2(0). We let € > 0, be a number to be determined later. We can write ¢ = ¢s+¢»
where the smooth part of ¢, ¢s, is in Cj°(R") and is supported in Bg,(0) and the
remainder, the rough part, ¢, is also supported in By, (0) and satisfies ||, ||y —1/2.2n < €.
We suppose f € Bj, and observe that with 7 as in the definition of By, we have
that my, (f) = mg, (n2m, f) because oz, = 1 on the support of g,. We use the estimate
for G¢ 4. on W /2% in Lemma 5 and the estimate for m,, in Corollary 2 to obtain

HGC,qsmqrﬂ

B, < Almg flly-12a

< CAllgrllwen-vszln2r, fllwi 2z (9)
< CAe\/2R||f]

We search for u which satisfies Au +2¢ - Vu — gsu — ¢,u = f and if we let G¢,, be an
inverse to Au + 2¢ - V — ¢,, then we can write

Bf/2’

Geof = Z(Gc,qsmqr)jGC,qsf- (10)

Jj=0

If we choose € so that C' Aey/2Ry = 1/2, then the series in (10) will converge thanks to
the estimate in (9). According to Lemma 5, the maps G ,, will exist for |(] sufficiently
large depending on ¢, and hence on q.

To obtain uniqueness, we suppose that u € Bf/2 is a distribution solution of
Au+ 2¢ - Vu — qu = 0 in R". Note that « must have half of a derivative for
the product qu to be defined. Again, we split ¢ = ¢, + g; and by Proposition 2.1
in Sylvester and Uhlmann [16], see also Hormander [9, Theorem 7.1.27], there is a
unique solution of Au+2¢ - Vu — gsu = ¢,u, namely u = G¢ 4, (g-u). By the estimate
of Lemma 5, we obtain

B, < Allgrllw-1/220 [0l 5

Hu’ /2 — 1/2’

at least for |(| sufficiently large. Since the norm of ¢, may be arbitrarily small, it
follows that we have u = 0 for ¢ large.



Finally, we observe that if we fix f € W~1/22 then we have

|<1\iinoo InrGealls;, =0.

To see this, we let € > 0 and split f = f, + f. with || f.|lw-1/22 < €. Let ¢5 and g, be
the splitting used above in constructing G ,. Using the representation for G4, (10),
and the estimate for G, (8), we have

HGC,qfs‘ B, < C(fsaQ)/lC‘ (11)

12 —

While the estimate of this theorem, which we have already proved, shows that for |(]|
sufficiently large, we have

1Geqfr]
Together these observations imply that limsup;_« [|G¢ o f]

B, < Ae. (12)

By, < Ae and since € is
an arbitrary positive number, the limit is zero. 1

Corollary 6 If ¢ € W22 then there is a constant Cy(q) so that if ¢ satisfies
IC| > Co(q) and ¢ - ¢ = 0, we can construct solutions v of Av — qu = 0 of the form
v(z, ) = e (1 +¥(x, () with

By, =0

lim ||

I¢|—00

Furthermore, 4 is the unique function in B , and so that v = e**(1+¢(x, ()) satisfies
Av —qu = 0.

Proof.  We construct ¢ = (-, () = G¢4(q) where G, was constructed in Theorem
4. The existence and the limiting behavior of v follow from Theorem 4. It is a simple
calculation to see that the v and then the v constructed in this way have the desired
properties.

If we have two such 1, call them 7 and 5, then their difference is a solution of
the homogeneous equation

Ay —1h2) +2¢ - V(i1 — o) — q(th1 — 1h2) = 0.
According to Theorem 4, 0 is the only solution of this equation in Bj /2 1

In what follows, we will also need function spaces on domains. For s > 0, we
define the space W*P(Q)) as the image of the space W*?(R™) under the map u — uq.
Thus elements in the space W*P(§2) automatically have extensions to all of R". We
also recall that the space Wi"(€2) denotes the closure of C§°(£2) in the space W*P((2).

Next, we recall the definition of the Dirichlet to Neumann map, which we denote
A, for the elliptic operator divyV. We suppose that we have a bounded domain
with Lipschitz boundary. We define the space W'/22(9Q) as the quotient space

7



Wh2(Q) /Wy (). It is well-known that this space can be identified with the Besov
space Bé/ >? on the boundary. The coefficient v in the operator divyV will lie in
L*>(Q) and satisfy

§<~y<1/o (13)

for some ¢ > 0. If f is in W'?(Q), we can solve the Dirichlet problem

divyVu =0 in 2
u=f on 0f2.

This solution w is, of course, independent of the particular representative f of an
equivalence class in W'/22(9Q). Given the solution u of the Dirichlet problem with
data f, we may define a map A, : W1/22(9Q) — W—1/22(9Q) by

A (£)9) = [ yVu-Vgdr.

Since u is a solution, the expression on the right does not change if we add a function
in W,?(€) to g. Thus, we may define A (f) as an element of the dual of W1/22(9Q).

Now, we quote the following result on determining the coefficient at the boundary.
This will be an important step in connecting the Dirichlet to Neumann map in 2 to a
problem in all of space. In our argument below, we will work with two conductivities
v and 7y, with /35 in W3/227€¢(Q) and try to extend them to preserve smoothness
and so that the extensions are equal in the complement of 2. The next two results
explain when this can be done.

Proposition 7 Assume that 0X) is Lipschitz and assume that for some ¢ > 0, v and
Yo are in W¥22+€ and that A, = A,. Then we have v, = v5 and Vv, = Vy, on
o002.

Proof. The hypothesis that v; is in W?/22"€(Q)) implies, by the Sobolev embedding
theorem, that there is an € > 0 so that V+; is in C'*(Q) for j = 1,2. It has been
proven many times that the boundary values of a conductivity and its derivatives
are determined by the Dirichlet to Neumann map. The result stated here for C'+¢
conductivities may be found in Alessandrini [1]. 1

Corollary 8 If, for some € > 0, \/71 and \/72 are in W3/22"(Q), and A, = A,
then we may extend 1 and vz to all of R" so that \/7; — 1 € W32+ and v = o
in R"\ Q.

Proof.  According to the previous proposition, 7, = 7, on 92 and also Vy; = V3 on
€. By our definition of the space W#P(Q)), it is immediate that there are extensions
of /41 and /73 to all of R". Using smooth cutoff functions, we can arrange that the



extensions (which we still denote by ,/7;) have /77 — 1 in W22 +<(R") for j = 1,2.
We claim that the function

5:{\/%—\/% in@,
0

3 C
, in €°,

lies in W¥/22n+¢(R™). This will suffice to prove our Corollary since /77 and /71 + 3
provide the two extensions which agree in the complement of €.

Thus, we must establish the claim. Of course, this depends on the hypothesis that
~1 and 7y, agree to first order on the boundary of (2. In fact, this claim is a consequence
of Corollary 2.11 in Triebel’s monograph [18, p. 210]. Alert readers will note that
this monograph assumes that the domain is smooth. However, that assumption is
not needed when p > 1. The key step is to show that the characteristic function of €2
is multiplier on W*?(R") when —1+1/p < s < 1/p. The proof proceeds by changing
variables to flatten the boundary. As the discussion on p. 172 of Triebel indicates,
when p > 1, the needed results for Lipschitz change of variables can be proven for
s = 0, 1 using the chain rule (for s = 1) and change of variables. Then, we interpolate
to obtain results for 0 < s < 1. 1

The next proposition uses the equality of the Dirichlet to Neumann maps to
deduce the equality of expressions involving the solutions v; constructed above. In
this proposition and below, we will use a Schrodinger operator with a potential g;
which is defined by A, /7;/,/7;. Since, in general, the coefficient +; does not have two
derivatives, we define the Laplacian in a weak sense. To be precise, we will define the
pairing between ¢; and a function ¢ with one derivative by

¢
(a, 0) = —/Rn VYTV e (14)
Proposition 9 Suppose n > 3. Let v, and 7y, satisfy (13) and suppose that Vi
is in L. Suppose further that v1 = 72 outside Q0 and that A,, = A,,. We let
q = A/ If for § = 1,2, v; is a solution of Avj — qju; = 0 which lies in
Wie (R"), then

(g1, v1v2) = (g2, v102).

Proof.  We first observe that the multiplication operator given by A, /v;/ \/'7]' maps
Wh2(R") to W~1*(R™). To see this, we use the definition of the distribution A, /7;/,/7;
in (14) to obtain

(S

\/W_j,uw:—/mv\/ﬁ‘vﬁdx. (15)

The product rule, Holder’s inequality, and then the Sobolev inequality (which requires
n > 3), imply that

< llullwrzpg, lvllwrzsg, (1V 1og AjllLe + [V log /A51Ln)-

Uv
Vv - V—dx
‘/ i 5,



Thus the expressions in (15) are defined, at least when n > 3.
Now, we turn to the proof of the equality of the theorem. First, we consider the
integral outside of ). Since we have /77 = /72 outside (2, it follows immediately

that
V1V V1V2
—dx —=dx. 16
o TV e = f TRV e (19

To study the integral inside (2, we observe that if we define u; = v;/ V7, then we
have that divy;Vu; = 0. This follows from a well-known calculation which we omit.
Next, we claim that

1
/QV\/W1 : V(ﬁvlvg) — Vouy - Vogdr = —A,, (u1)(u2). (17)

Now, if we interchange the indices 1 and 2 in (17), subtract the result from (17), use
that A, (f)(g) = A,,(g)(f), and then our assumption that A, = A, we obtain that
U1U2

/ V7,V / VRV s
If we add (16) and (18), we obtain the conclusion of the theorem.

Thus, we turn to the proof of (17) and for this we will need an additional function
Uy = vg/ﬁ. By the definitions of u; and 4y and the product rule, we obtain

U1U2

(18)

1
\Y V(—= — Vv, - Ve d
/Q VL V( o v1v2) = Vo - Voy do

= /V\/7 (Vriuitiz) — ui V1 - V(y/7102)

—\/>VU1 . (Ugv\/’%) - %Vul : vag dx
= = Ay (ur)(ug).

In the last equality, we use that uy — iy is in Wy*(Q) and hence they restrict to
the same element in W'/22(9€2). This is a consequence of Lemma 10 below. This
completes the proof of (17) and hence the Proposition. 1

Lemma 10 Assume 0) is Lipschitz and that Q is bounded. If 3 is C(£2) N WH(Q)
and B(x) = 0 for x € 9, then the map u — fu maps W2(Q) to Wy*(Q).

Proof. We let € > 0 and construct a cutoff function 7. (x) where n.(z) = 1if 6(z) > 2¢
and 7.(x) = 0 if §(x) < e. Here, we are using d(z) to denote the distance from x
to 0. This function may be constructed to satisfy |Vn| < C/e. We consider
V(np)—Vp=n—1)Vs+ 5V(n —1). By the dominated convergence theorem,
we have lim. .o+ [, |V5]"[(1 —ne)[* = 0. While Hardy’s inequality (see [7, p. 28], for
example) implies that

L1819 do < VoI da.
Q {z:0(z)<Ce}

10



Hence, we can approximate 3 in the norm of W*(2) by 3n.. Furthermore, by reg-
ularizing, we can find a sequence of functions {;} which are infinitely differentiable,
converge to ( in Wy (), the sequence is bounded in L>() and converges point-
wise to 3. Now, we claim that S;u converges to Su in W'?(Q). The convergence
of Bju to fu in L? follows from the dominated convergence theorem. Now consider
V(B;u) = uV B+ 5;Vu. The convergence of 5;Vu to FVu follows from the dominated
convergence theorem. We have

[u(V5; = VB)ll2) < VB = VBl in@llull 2n/o-2 (). (19)

From the inequality (19), we see that the convergence of V{; in L" implies the
convergence of uVf3; to uV [ in L?. We have established that ||V (5;u) — V(Bu)|| zn ()
goes to zero as j — o0o. The term |[ul[ 2n/(m-2)(q) is finite because of the Sobolev
embedding theorem. Hence, the right-hand side of (19) tends to zero. Because the
sequence of functions B;u tend to Bu in W2(Q) we can conclude that Su is in W, ().
I

Finally, we give the proof of our main theorem. Given the above, the proof of the
main result follows familiar lines.

Theorem 11 Suppose n > 3, 9 is Lipschitz, v; € W3/224¢(Q) for some € > 0 and
that A, = A,, then we have that v, = 7s.

Proof. Because of the equality of the Dirichlet to Neumann maps, we may use the
result of Corollary 8 to extend v; and s to all of R™ so that 71 = v, in R™\ Q. Thus,
according to Proposition 9 we have

((q1 = g2),v1v2) =0 (20)

where g; are the potentials, A, /7;/,/7; as above and v; are solutions of Av;—gq;v; = 0.
Now, we fix £ € R", let R > 0 be large and construct ¢; and (, in C" satisfying

G -G =0, J=12 (21)
Cl + CQ = _Z§7 j = 17 2 (22)
Gl > R, j=1,2 (23)

We recall the standard construction of ;. Choose e; and e unit vectors in R" and so

that eq, e and & are mutually orthogonal and then put (; = —Re; —iegy/R? — |€]2/4—

i€/2 and (o = Rey + tegy/ R? — |£]2/4 — i€ /2. We construct the solutions v; of Av; —

q;v; = 0 corresponding to (; as given by Corollary 6. Note that the solutions given by
this Corollary must have 3/2 derivatives L7 . and thus they satisfy the hypotheses of

loc
Proposition 9. To see this, observe that the right-hand side of Av = qu lies W, /2.2

11



and thus by elliptic regularity, v has two more derivatives. We substitute e*% (1+1;)
for v; in (20) and obtain

0= {q1 — ¢, e*ix'g(l + 1 + g + P11)).

Because the functions v; tend to zero in BY /2 a8 R — oo, passing to the limit in
the previous equation gives ¢; = ¢». Here, we must use Theorem 1 and our estimate
for 41,40y in By, to conclude that the product ¢y, goes to zero in Wﬁf’zn/(%_l).
Hence, it follows that A,/y1/\/71 = A\/Y2/\/72- As in [3, p. 1056], this implies that
log(v1/72) solves div,/7172V1og(v1/72) = 0 and is compactly supported and hence

vanishes by the weak maximum principle. 1

We close with several questions motivated by the above work.

1. Can we obtain uniqueness in the inverse conductivity problem at the endpoint
p = 2n? The above argument requires p > 2n in order to carry out the extension in
Corollary 8.

2. Can we lower the LP-space from p = 2n to p = 2n/3 in the uniqueness result
for conductivities with 3/2 derivatives?

3. Can we lower the smoothness index to 1 and obtain a uniqueness result?

4. The result for uniqueness at the boundary in Proposition 7 that we quote from
Alessandrini [1] does not seem sharp. There is a boundary uniqueness result for the
gradient of the conductivity which requires that the coefficient be continuously dif-
ferentiable in the work of Sylvester and Uhlmann [17], however the domain must be
smooth. The work of Brown [5] gives a way of reconstructing the boundary values for
continuous (and some discontinuous) conductivities in Lipschitz domains. However,
this work does not discuss the gradient of the conductivity. The work Tanuma and
Nakamura [13] and Kang and Yun [11] gives boundary identifiability of the gradient
of a C'¢ conductivity in a C?*¢ domain. Results of Nachman [12] give boundary
identifiability for the gradient of C''! conductivities in domains with C''! boundaries.
A reasonable conjecture is that we can determine the gradient of continuously differ-
entiable conductivities at the boundary in a Lipschitz domain. This result does not
seem to be in the literature.
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